EC351: Answers to Problem Set 2

Y
a)

The Lagrangian function is:

L = 2z + 3y + A[10 — 22 — 597

First-order conditions:

L,=2—4\x =0
L,=3—10\y =0

Ly=10-222—5°=0

Solve for z*,y* A"

. 50
. 3 50
AT
Af = -
4x*
Second-order conditions:
gr = 4w
9y = 10y
L..=—4\
Ly, = —10A
L,y=L,., =0




Derive the Bordered Hessian matrix of the Lagrange function:

0 6. gy 0 4x* 10y*
H% = \|g. L.. L.| = |42 —4\ 0
gy Ly Ly, 10y 0 —10A"

Check the sign of the leading principal minors

| HP |= —162"* < 0

| H |= —42*[—402* \*] 4 10y* (401" \*)
= 1602 2\" 4 400y \"*

= A"[160z** + 400y**] > 0

since A*,z* and y* > 0.

Local maximum at z* and y".

Is the solution a global maximum?

Objective function is linear = quasiconcave.

Constraint? Construct a bordered Hessian to test for quasiconvexity where z* and

y* > 0.



| H, |= —162*2 <0
| Hy |= —4x*[—40z"] + 10y*(—40y")
= 160z"* — 400y™ < 0

Thus the constraint is a strictly quasiconvex function so we have a unique global

maximum.

b)

L=(x+2)(y+1)+Am—a—1y]

First-order conditions:
L,=y4+1—-XA=0
Ly=24+2-X=0

Ly=m-xz—-—y=0

Solve for z*,y* A*:

, m—1
T = —

2
.. m+1
YT

m+ 3
A*:m—l—




Second-order conditions:

Derive the Bordered Hessian matrix of the Lagrange function:

0 g. gy 0 1 1
HP =lg, L.. L. | =11 01
9y Lyz Ly 110

Check the sign of the leading principal minors

|HE |=-1<0
| Hy |= —1(=1) + 1(1)
=14+1=2>0

Local maximum at =* and y*.
Is the solution a global maximum?
Constraint is linear = quasiconvex.

Objective function? Construct a bordered Hessian to test for quasiconcavity where

z* and y* > 0. [This requires m > 1 otherwise z* < 0.

0 9y 41 242
H=|y+1 0 1
+2 1 0



[ Hi|=-(y' +1)* <0
| Hy |=(y' + (=" +2) + (" +2)(y" +1) > 0

Thus objective function is strictly quasiconcave so we have a unique global maximum.

2)

L=dzy + A6 —z —y — 2]
First-order conditions:

Ly=4yz* = X=0

Ly:Ll;rzz—,\:o

L. =8zyz— =0
Ly,=56—z—y—2z=0

Solve for z* iy*, 2% A*:

=14
=14
=28

AY = 43904



Second-order conditions:

L, =0

L,=0
L..=8xy

Loy = Lz = 42°
Lyo =1L, =8y2
L,,=L,,=8zy

Derive the Bordered Hessian matrix of the Lagrange function:

0 1 1 1
1 0 42?7 8yt
1 422 0 8z
|1 8y*2* 8x*z* 8z*y*]

Check the sign of the leading principal minors

|HP |=-1<0
| HE |= —1(—42*%) 4+ 1(42*) =82* > 0



1 42?2 8y 1 0 8y 1 0 42+
|HZ |=—1{1 0 8z*z*|+1|1 422 8a*2*|—1(1 42 0

1 8z*z* 8z*y* 1 8y*z* 8x*y* 1 8y*z* 8x*z*
| HP |= 162" — 642 2*3 — 64y*2*3 — 64z y*2*? 4 642222 + 64y*22*?

Evaluated at z* = 14, y* = 14, z* = 28:

| H? |= —19,668,992 < 0.

Local maximum at z* = 14, y* = 14, z* = 28.

Substitute z* = 14, y* = 14, z* = 28 and A = 43904 into the Lagrangean:

Lo = 4(14)(14)(28)% + 43904[56 — 14 — 14 — 28] = 614656
Ly = Lo+ A = 614, 656 + 43,904 ~ 658, 560.

3)

L = (m _ a}(-y —b)+ )\(-m. — pr — qY)

F.O.Cs
L.,=y—-b—-Ap=20
Ly=z—a—-XN=0

Ly=m-—pr—qy=20



Solve for z*, " A*:

¥ = (m — bg + pa)/2p
y* = ((m—bg—pq)/2q) +b
A* = (m — bg — pa)/2pq

Construct the value function V:

2p




