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Serial Correlation and Dynamic Models

1. Consider the first-order autoregressive, AR(1), process

εt = ρεt−1 + ut, |ρ| < 1,

where E(ut) = 0, var(ut) = σ2u and cov(ut, us) = 0 for t 6= s.

(a) Show that, for s > 0, εt has the representation

εt = ρsεt−s +
s−1∑
i=0

ρiut−i.

(b) Hence, or otherwise, derive E(εt), γ0 = var(εt) and γs = cov(εt, εt−s) for s > 0.

(c) Derive the autocorrelations ρs = γs/γ0 from the results in part (b). Calculate
ρ0, ρ1, . . . , ρ5 when (i) ρ = 0.1 and (ii) ρ = 0.9. For which value of ρ is the
process most correlated over time?

2. Consider the first-order moving average, MA(1), process

εt = ut + λut−1,

where E(ut) = 0, var(ut) = σ2u and cov(ut, us) = 0 for t 6= s.

(a) Derive E(εt), γ0 = var(εt), γ1 = cov(εt, εt−1) and γs = cov(εt, εt−s) for s > 1.

(b) Derive the autocorrelations ρs = γs/γ0 from the results in part (a). Calculate
ρ0, ρ1, . . . , ρ5 when (i) λ = 0.5 and (ii) λ = 2. What does this imply about the
uniqueness of moving averages?

3. Consider the linear regression model

yt = x′tβ + εt t = 1, . . . , T,
εt = ρεt−1 + ut |ρ| < 1,

where xt is a K×1 vector of observable regressors, β is an unknown K×1 vector of
parameters, ρ is an unknown scalar, and ut is an unobservable random disturbance
with E(ut|X) = 0, E(u2t |X) = σ2u and E(utus|X) = 0 for t 6= s (as before, X
denotes the n×K matrix of regressors).

(a) What are the properties of the ordinary least squares (OLS) estimator, b, of
β in the above model?
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(b) Outline the LM test for the presence of first-order serial correlation based on
the OLS residuals et = yt − x′tb (t = 1, . . . , T ).

(c) Show that yt also has the representation

yt = γyt−1 + x′tα + x′t−1δ + ut,

where γ is a scalar parameter and α and δ are K × 1 vectors. How are γ, α
and δ related to ρ and β? How would you estimate ρ and β using this model?

4. Stata file Problem_Set_07_Data.dta contains 200 time series observations on two
variables, y and x2, as well as an index t running from 1 to 200.

(a) Estimate the model yt = β1 + β2xt2 + εt and conduct a Breusch-Godfrey
(LM) test for first-order serial correlation (perform the test both by using the
appropriate Stata command and by estimating the corresponding auxiliary
regression). What conclusions do you draw from this test?

(b) In the light of part (c) of Question 3, estimate the model

yt = µ+ γyt−1 + αxt2 + δxt−1,2 + ut

and carry out an LM test for the presence of first-order serial correlation. Is
the test consistent with the tests in part (a)?

(c) In the light of part (c) of Question 3, carry out a Wald test of the restriction
δ = −γα.

(d) In view of the evidence obtained in parts (a)—(c), could yt satisfy the model
yt = β1 + β2xt2 + εt where εt = ρεt−1 + ut? Explain.
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