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Coursepreliminaries
e Classes

— Begin next week.
— Problem set each week (on CMR)

— Solutions available (on CMR) week following class.

e Computing classes

— Begin University week 7

— Computing package: Stata



e Assessment

— Mid term exam: week 8, Friday 25th November, 5pm (one hour).
— Final exam: next May/June (two hours).

— Overdl mark: whichever is the greater, EITHER 50% Mid term mark, 50% Exam mark
OR 100% Exam mark.

e Textbooks
W.H. Greene (2012) Econometric Analysis (7th edition), Pearson.

J.H. Stock and M.M. Watson (2012) Introduction to Econometrics (3rd edition), Pearson.
J.M. Wooldridge (2009) Introductory Econometrics (4th. Edition), South Western College.

e Further reading

A.S. Goldberger (1991) A Course in Econometrics, Harvard University Press.



University week: 2
Theclassical linear regresson model (CLRM)

Outline

1. Introduction (what is linear regression);
2. Notation and model specification;

3. Model assumptions

4. Estimation by ordinary least squares (OLS)

Reading: Greene: chapters1to 3, Appendices A (A.1-A.4, A.8) and B (B.1-B.8)



1) Introduction (what islinear regression)
e Economic theory isinterested in the relation between certain economic variables.

e Typically, economic theory leads to deterministic functions relating the variables of
interest, e.9., Q; = AK®LY, Q;=f(P), C;=a+py,.

e However, in redlity, economic variables are random and are not related by deterministic
functions.

e If we want to estimate the unknown parameters of these functions, we need to use data
which are obtained by sampling from the joint distribution of the relevant variables.

e \We observe data from the joint distribution
fy,x) = f(ylz) g (z)

e We will be especially interested in the mean of y given z: E(y|z).

e Moreover, we will generally assumethat F(y|x) isalinear function of .
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e S0, essentially, we will:

— specify alinear relationship between 2 (or more) variables;

— estimate the parameters (coefficients) of the model from a sample of data;

— conduct hypothesis tests using the estimated mode!;

— compare it with alternatives,

— produce forecasts into the future.



2) Notation and model specification

e \We shall define the following variables and parameters:

In the above;

Y, L1, ..

B,

€

dependent variable;

..., T Independent/explanatory variables,

Of regressors,

.., B parameters/coefficients of interest;

random disturbance.

., X observable;
B unknown (need to be estimated);

unobservable.

10



e \We will be concerned with single equation models of the form:

Y = B + Poxio + ...+ Braik €, 1=1,...,n,

where ¢ indexes observations and n denotes sample size.

e Notice that the model hasto be linear on the parameters, but not on the regressors.

e Example: set K = 3andletz;; = land z;3 = 2% foradl: = 1,...,n, then

yi:51+52%2+53:€?2+€i, 1=1,...,n.

This regression model includes an inter cept/constant (3, and a quadratic term.

D
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e It isconvenient to expressthe model more concisely in matrix notation. For that, we begin
by writing the model for each observation:

Yy = 611’114—623712—1—...—|—6KZC1K—|—€1,
Yo = 51$21+62x22+---+5K372K+627

Yn = P1Tn1 + BoTp2 + ... + BrTnk + €.
e Now group (stack) observations on each variable into n x 1 vectors:
Y1 T €1
Yn Lnj €n
e The modd can then be written as

y = B1X1 + BoXo + ... + BXg + €

12



e Now place the x; vectors next to each other to form an n x K matrix X and place the 3,
Into a K x 1 column vector (-

_5611 L12 ... 331K— 5
X:[Xl,...,xj,...,xK]: 1'.21 517225172[( B = 6:2
_xnl Ip2 ... an_ BK
e Then the model can be written as
y = X o] + e 2
(mx1) (mxK)(Kx1) (nx1)
e Another useful and frequently used expression for a single observation is
yizxgﬁ‘i‘% i:]-)'”anv (3)

wherex;, = |1, ..., Zij, . . ., Tik| denotesthei’th row of X.

13



3) Model assumptions

In order to complete the specification of the (Neo) CLRM we need some assumptions.

1. Linearity
E(yZ‘X) = 511'2'1 + 521'@'2 + ...+ BKI'Z'K- This |mpI|esthat E(62|X) — ( for dl
i=1,...,ns0that F(e¢) =0 (ann x 1 vector of zeros).

2. Full rank

The matrix X hasrank K. This ensures the columns of X are linearly independent i.e.,
the probability that x;\ = 0 issmaller than 1 for any fixed A # 0.

3. Data Generation
Wecanuse{(y;,x;) : i = 1...n}, arandom sample of sizen of the population of interest.

— Actually, the sample of x; does not have to be representative of the population of
Interest, all we need isthat the observations of y; are representative, conditionally on the
observed x;.

14



4. Homoskedasticity and nonautocorrelation

E (e'|X) = oI, where I, isthe n x n identity matrix. Written more fully this means

- var(e|X)  cov(er, e|X) ... cov(er, €,|X) | [ o2 .0
2
E(ed|X) = cov(eg:el\X) var(fg\X) cov(egjen\X) _ O a: O
| cov(ey, €1|1X) cov(ey, €2|X) ... war(e,|X) 0 0 ...0%

Hence var(e|X) = o? for al i (constant variance, or homoskedasticity) and
cov(e;, €;|X) = 0 for ¢ # j (nonautocor relation).

5. Normality

Conditionally on X, the disturbances are jointly normally distributed, with mean and
variance as above: ¢|X ~ N (0, 0%I,). Wewill soon drop thisassumption.

15



4) Estimation by ordinary least squares (OLYS)

e Since 3 is unknown, how can we estimate it?
e A clueisgiven by an important property of the conditional expectation.

e F (y|z) isthefunction of x that minimizes
By —h@)]. )

e S0, the Analogy principle suggests that 5 should be estimated by minimizing the sample
analog of equation (4).

o Letby= by, boa, - - -, box| bean arbitrary set of estimates of theelementsof 5 = |54, ..., 8]
Inserting these into (1) yields a set of residuals:

€oi = Yi — bo1Ti1 — boaTio — ... — bogTix = Yi — X;bop 1=1,...,n. (5)

16



e The least squares method chooses the estimate of 5 so as to minimise the sum of squared
residuals over all observationsi.e.,

b = argmin S(by)

0

where S(by) isthe sample analog of (4) and is defined by

S(bo) =Y et = > (i — buwin — boowin — ... — bogwi)” (6)
i1 i1

e Thisisasimple unconstrained optimisation problem, so that b is obtained by:

(a) differentiating (6) with respect to each by;;

(b) solving the K equations (first-order conditions) simultaneoudly.

17



o Lete) = (601, €02y - - - 60n>/, SO that y = Xb0+e0. Then

) el = efeq = (y — Xbo)'(y — Xby)

1=1

and so the least squares criterion function is:

S(bg) = 6660 = (y — Xb())’(y — Xbo)

e To do the minimisation, expand .S(by) to obtain:

S(bg) =y'y — byX'y — y'Xbg + by X'Xby.

e But by’X"y isascalar and hence by’ X'y = (y'Xby)’ so that

S(bg) = y'y — 2by X'y + by X'Xby.

(7)

(8)
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e Differentiating (8) with respect to b, givesa K x 1 vector:

0S(bg) /by
aS(bO) _ 8S(b0)/8b02
Obg i
0S(bg)/0box
which can be written as:
ag]gbo) = —2X'y + 2X'Xby = —2X'(y — Xbg) = —2X'e,. (9
0

e Thevector b minimizes S(by) and therefore sets this derivative equal to a K x 1 vector of
zeros. That is

—2X'(y — Xb) =0

19



e Thuswerequire

X'y —Xb)=0 = X'y=XXb,

and hence

b = (X'X) 'Xy. (10)

e Assumption 2 (full rank) ensures that the matrix X’X isinvertible and, hence, that the OL S
estimator b can be obtained.

e To check that (10) isthe minimum of S(by), differentiate (9) again:

525 (by)

=2X'X
ObgOby’ ’

which is positive definite under Assumption 2 and hence b corresponds to a minimum.

20



University week: 3
The CLRM (continued)

Outline

1. Review;

2. Algebraic results;

3. Goodness-of-fit;

4, Statistical properties of OLS;

5. Estimation of the error variance.

Reading: Greene: chapters 3 and 4.
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1) Review

e Assessment: the overall mark is EITHER 50% Mid term mark, 50% Exam mark OR 100%

Exam mark, whichever is greater.

e The(Neo)CLRM: y=XB+¢€

Assumptions. Al. Linearity E (y;|X) = x5
A2. Full rank rank(X) = K
A3. Random Sample {(y;,x;)},_, isarandom sample

of the population of interest.
A4. Spherica disturbances E (e¢'|X) = 0?1,
A5. Normdlity e|X ~ N(0,0°%1I,)

e Ordinary least squares (OLS): b = arg miny,, S(bg) where

S(bg) = ejey = (y — Xbg)'(y — Xbg) — b =(X'X) X'y.

22



2) Algebraic results

e What are the elements of the K x K matrix X'X and K x 1 vector X'y?

e Recal that X = |x1, X9, ...,Xg]|. Then:

X'X =

X1 X1y
/ /
X X,y
9 - 9
H y o H
/ /
| XK | XKY
X1, X9, ..., Xg| =

| X X1 XpXo ..

Z?zl Li1Yi

2?21 Li2Y;

i 2?21 LiKYi |

X|X1 X(X2 ...
X5X] XhXo ...

XX
XoX f¢

C XEXEK




e Thatis:

n
E ZCH E i1l ... E L1l K
1=1 '

n
2
Li2Xi1 33-2 c e LioXi K
XX — Z D th )
1=1 '

n n
LK1 TiKXi2 ... XK
| =1 1=1 '

e Hence b can be computed from knowledge of the sample sums of sguares and cross-
products — the raw data are not needed.

e NB:if x;; = 1foral:=1,...,nthenxjy = > v, X|x; = nand xix; = > _ z; for
k=2,...,K,where)  denotes> . ,
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e Recall that the modd is:

y = X3 + €.

e Now, definethe n x 1 vector of predicted/fitted values of y as:

y = Xb
e Also, definethen x 1 vector of OLSresidualsas:
e=y—-y=y— Xb.
e Then, the estimated model is

y = Xb +e.

e Therefore: y = y + e (actual = fitted + residual).

(11)
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e Notethat

y = Xb =X (X'X) X'y = Py,

where P = X (X'X) X’ isthe projection matrix such that PX = X.

e Also,

e=y—Xb=y-Py=(1-P)y=My.

wheeM =1 — P.

e Thematrices P and M have special properties.
(@) symmetricc M =M', P =P’

(b) idempotent: M? =M, P?=P;
(c) orthogonal: PM = P'M = M'P = MP = 0.

(12)

(13)
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3) Goodness-of-fit

e How wdll does the estimated model fit the data?

e Attempt to measure this in terms of the proportion of the variation in y explained by the
moded.

e \We use

2
R2 — 11— Z ¢, —
> (i — 1)
~ RSS «residua sum of squares
7SS  « total sum of squares

—_ 1 (14)

wherey = >y, /n isthe sample mean.

27



e Notethat 0 < R? < 1.

e R2=0=)Y e?=> (y; — y)* so themodel is as good as the mean!

e R?=1=RSS=00re;=0forali=1,...,n,and sothereisaperfect fit.

e NB: do not use 2? computed in this way for models that do not contain an intercept!

e The R? can also be defined as: [corr (y;, §:)]°, and this is well defined even if the model
has no constant, but in these models it cannot be interpreted as the explained proportion of
the variance.

28



e Because RSS will never rise (and will typically fal) by adding more regressors, it is pos-
sibleto inflate the 12 just by using more irrelevant regressors.

e It has been suggested that goodness-of-fit should be measured by the adjusted R?, or R*:

_ RSS/(n — K)

2 _ (n—1)
fr=1- TSS/(n—1)

:1—(1—32)(n_K).

(15)

e R? incurs apenalty if adding more regressors (increasing K) does not significantly reduce
the RS'S.

e Too much emphasis is often placed on R? and R? — other aspects of the model are much
more important.

e Notice that none of the assumptions requires the model to have a good fit!
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4) Statistical propertiesof OLS

e Linearity (A2): The OLS vector b isalinear function of y

b= (X'X) X'y

— Furthermore, using (A1), it isalso alinear function of the unobservable random vector ¢

b = (X'X) 'X'(X3+€) (because y = X[+€)
X'X) X' X8+ (X'X) 1 X'e

(
(
B+ (X'X) X'e (because (X'X) 'X'X = 1) (16)

e Expectation (A1-A3): Recdl that £ (b) = Ex [E|b|X]| and notice that

Eb|X] = (X'X) ' X'Ely|X] = (X'X) 'X'X5 = 3.
Then, E(b) = Ex [5] = 3, i.e., the OLS estimator b is unbiased.

30



e Recall from (16) that b = 8 + (X'X) "' Xe.

e Variance (A1-A4): The conditional covariance matrix of b is;

var(b|X) =

— Although it is not very important, we note that var(b) = o?Ex |(X'X) 1] .

El(b— )b - p)|X]

E[(X'X) 1X'ee’X (X'X) 1X]

(X'X) “1XE(ed|X)X (X'X)

F(X'X) “1X'X (X'X) ! since E (e€|X) = 0?1,

o2(X'X) 1,

e Normality (A1-A5): From (16), it follows that

b|X ~ N (8,0%(X'X) ).
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e Clearly OLSisalinear unbiased estimator (LUE) of 5.

e But how does OL S compare to other LUES?

Gauss-Markov theorem: Under Assumptions 1-4 (note that Assumption 5 is not needed
for this), the OLS estimator b of [ is the best linear unbiased estimator (BLUE) in the
sense that it has minimum variance within the class of LUESs.

e What does this mean? Take any other LUE, call it b;. Then

var(by|X) > var(b|X)

in the sense that the matrix var(b1|X) — var(b|X) is positive semi-definite.
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5) Estimation of error variance

e In order to use the distribution of b to conduct hypothesis tests, we need an estimate of o2,
which is the variance of the unobservable disturbances ;.

o |f the disturbances ¢; were observed, we could estimate their variance from the sum of their
squares.

e The sample analogs of the ¢; are the residuals ¢;, and we shall base our estimator on the
sum of their squares.

e Recall from (13) that

e = My

whereM = I — X (X’X) ~1X’ has the property that MX = 0.

e Substitute X 5+€ for y:

e = M(X3+€) = MX[3+Me = Me. (17)
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e Then, defining M = [m;;], the RS.S can be written as
RSS = e'e = € M'Me = € Me = Z Z €€ M5,
i=1 j=1
because M’ = M and M? = M.
e The expectation of the RSS is.
E(ee|X) = Zme (i€ X)
=1 j=1
and because by (A4) E(e;e;|X) = 0fori # j, we have that
E(ee|X) = Z m;i B (g6 X) = E(g;g;|X) Z my; = o tr(M)
1=1

e But what istr(M)?



e Using the properties of tr (-), we have that:
tr(M) = tr(Z, — X (X'X) 'X)
= tr(Z,) — tr[X (X'X) "1X]
(1,) — tr[(X'X) 1X'X]
(

e Therefore E(e'e) = 0%(n — K) and so:

§2 — e _ o€

n—K n—K

is an unbiased estimator of o2 because

(18)
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University week: 4
Inferencein the (Neo)CLRM

Outline
1. Review;
2. Standard errors and t-tests;

3. Tests of multiple linear restrictions (F-tests).

Reading: Greene: chapter 5.

NOTE: Matricesand vectorswill no longer appear in bold typeface. Also, often we will
not make explicit that the distribution is conditional on X.
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1) Review

e Moddl: y = X3 +e.
e OLSestimator: b = (X'X) " Xy.
e /(b)) = [ and henceb is unbiased.

o var(b|X) = o2 (X'X) ",

e H Is minimum variance (Gauss-Markov Theorem).

e OLSIisBLUE (Best Linear Unbiased Estimator).

37



2) Standard errorsand t-tests
e Recall that, under normality (Assumption 5), we have

bIX ~ N[B,0” (X'X) ]
e For each element of b, b;., we have
bleNN[ﬁk:?O-QSkk]) k:]-v'")Ka (19)

where Sy, isthe k’th diagonal element of (X'X) ™",

e If o2 were known then

which could be used to test hypotheses.

e Testing hypothesesisimportant because the omission of relevant variables, or theinclusion
of irrelevant ones, affects the properties of the estimator. See Problem Set 3, Question 4.
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e SO to test

Hy: B, =3 NULLHYPOTHESIS

against Hi: 08, + 3 ALTERNATIVE HYPOTHESIS

we would use

= ~ N(0,1) under H,.
\/O'stk ( ) !

e Let Z denote the critical value (more on this shortly) for the V (0, 1).

Decisionrule: if |zf| > Z reject Hy;

if |2f| <z donot reject H.

39



e But o2 isnot known!

e Hence we use s? in its place and the new test statistic has a different distribution:

b . *
t) = — D ~t,  under Hy.

vV S2Skk

e The t-distribution with n — K degrees of freedom has fatter tails than the N (0, 1) dueto
the imprecision associated with using the estimator s rather than 2.

e Thet-distribution approaches the standard normal asn — K — oc.

40



¢ \We need to choose asignificance level for the test: let’s conduct the test at the 5% level of

significance.
e We can find a number t2Y22 (= tc) such that 2.5% of thet,,_j distribution lies above it.

e Then, 5% of thet,,_j distribution lies outside the interval |—tc, tc|.

t—distribution

Probability
2
]

Upper 2.5%

Lower 2.5%
/ \
| |
5

O -]
0 +tc
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o If Hyisreadlly true, thereisonly a5% chance of obtaining at; value outside |[—tc, tc|.
e If thisoccurs, weregard it as evidence against H,.

e Thedecision ruleis:

—if |[ty| > tc, reject Hy;
—if |tx| < te, do not reject Hy,.
e Thetheinterval [—tc, tc| is, therefore, called the acceptance region.

e The areaoutside thisinterval isthere ection region.

42



e A common hypothesisto test is

e Under Hy, given the other regressors, the conditional mean of y does not depend on ;..

e That isto say, given the other regressors, ;. does not help to predict y.

e Thetest statisticis

by ~  estimae
Vs2S,.  standard error’

b =

which isroutinely computed in regression software (e.g., Stata).
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3) Testsof multiplelinear restrictions (F-tests)

e What if we want to jointly test more that one restriction?

e Asan example, consider the two models

y = X161+, (202)

y = X106, + Xofy + €, (20b)
y:nxl XlinXKl 512K1><1
e:nx1l Xo:nxXKy (95 Kyxl

e Model (20a) is obtained from (20b) by setting the K, elements of the vector 3, equal to
Zexo.



e In this case, the hypothesis of interest is:

Hy: (5, =0 (K restrictions) against H; : 3, # 0.

e Thisinvolves atest of more than one restriction so we cannot use the smple t-test (we can
test the restrictions individually but this says nothing about their joint significance).

e \We can write (20b) as

y:[Xlng][51]+€:Xﬁ+e (21)
and so therestrictionsin H are:

(0 Ig)] [g;] =0 or RS =0.
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e Thisframework can be easily generalized.

e Consider Model (21) and suppose we want to test the set of J linear restrictions:

Hy: RS —qg=0 against H : R —q#0

wheaeRisJ x KandgisJ x 1.
e For example, suppose K = 3 and wewishtotest 3, + 5, = 0and 5, — 206, + B3 = 1.

e Herethere are 2 restrictions (J = 2) and we have

0| [ 6]

e \We will now study two methods of testing H,.
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e Method 1 only needs the unrestricted estimator b = (X' X )1 X"y
e \We know that (under normality)
b ~ N[B,o*(X'X)™]

Rb ~ N[RB,0’°R(X'X) 'R/
Rb—q ~ N[RB —q,0c*R(X'X)'R].

e Under Hy we know that R5 — ¢ = 0 and hence

Rb—q ~ N[0,0°R(X'X)'R] under H,

Theorem: If z ~ N(u, V) (g x 1) then (z — p)'V =z — p) ~ x

2

q*
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e Hence

Wy = (Rb—q) [0*R(X'X)""R] " (Rb— q) ~ x*.

e But o2 isunknown and so this distribution cannot be used.

e However, consider 1, = €’e /o>

e We know that e = Me where M = I — X(X'X) "' X' is symmetric idempotent.

x' Ax 5
~Y X?“'

Theorem: If z ~ N(0,0°I) and A isidempotent of rank r, then —;
o

e Here, ¢ ~ N(0,0*I) under Assumption 5, and ¢’e = €/ Me, SO

because, for a symmetric idempotent matrix, rank(M) = tr(M) =n — K.
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e \We have therefore found two (independent) random variables, 17/, and 5, each with >
distributions.

e To test the hypothesis of interest we need yet another theorem.

19

. C
Theorem: If ¢; ~ X7, ¢ ~ X7, and ¢; and ¢, are independent, then SLRVIMC I Fonye
Co ni

e Using thistheorem we find that

W1 (n—K)

~ F5,,_ under Hy.
W 7 Jn—K 0

e Written more fully,

o (B =) [PRXX) R (Rb—q) (n— K)
J

ee/o?

— (Rb—q) [R(X'X)"'R'] " (Rb—q)/J.
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o Let F)” i (= Fc) denote the 5% critical value from the Fj,, f distribution.

e Thedecisionruleis:
—if F' > Fc, rgect Hy,

—Iif F' < F'c, do not rglect H,.

F—distribution

OO_ ]
CQ -
=
S«
o]
o
o
('\! -
Upper 5%
O -
I I I I I I
0 2 4 Fc 6 8 10
F
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e Method 2 proceeds in 4 steps and involves estimation with and without the restrictions
Imposed:

1. Estimate y = X3 + e and obtain S = ¢’e.

2. Impose the restrictions, estimate the restricted model, and obtain Sp = e’,er, Whereep is
then x 1 vector of residuals from the restricted model.

3. Compute

-(57) (5)

4. Under Hy, F' ~ F,_x and therefore the decision rule isasin Method 1.
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e Pointsto note:

1. F > 0.

2. J = number of restrictions. degrees of freedom for numerator;
n — K = degrees of freedom for denominator;

K = number of regressorsin unrestricted model.

3. Example of imposing restrictions. consider the model

Yi = 01T+ BoTio + €, Ho: 1+ PGy=1
= Oy=1-7
= ;= 01xa+ (1 — 0z + €
= (Y — Ti2) = B1(Tin — ®i2) + €

l.e., Smply regress y; = y; — x;2 ONT; = T;1 — Tio.
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Example of STATA output

Number of obs = 35

F( 2, 32) =30523.24

Prob > F = 0.0000

R-squared = 0.9995

Adj] R-squared = 0.9994

Root MSE = .02102
ly | Coef std. Err t P>|t]

_____________ o o o e
1x2 | .9816755 .0464554 21.13 0.000
1x3 | .0313708 .0402388 0.78 0.441
cons | .0020919 .0058119 0.36 0.721
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University week: 5
L arge sample methods

Outline

1. Review;

2. Large sample concepts,

3. The method of maximum likelihood.

4. Large sample hypothesis tests;

Reading: Greene: chapter 14 and Appendix D.



1) Review

e (NeO)CLRM: y = X3 + e.

e The OLSestimator, b = (X'X) " X'y, isBLUE.

e Hypothesis tests based on exact distributions: t- and F-statistics.

e Exact distributions rely on normality assumption.

e Next week we will see what happens when we relax the assumption of normality.
e To do thiswe shall use large sample (asymptotic) methods.

e Today we will introduce important large sample concepts and explore even further the
Implications of the normality assumption.
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2) L arge sample concepts

e If we wish to relax some of the assumptions of the (Neo)CLRM, then exact finite sample
results are typically not available.

e For example, if werelax the normality assumption, t-statistics no longer havet-distributions,
F-statistics no longer have F-distributions, etc.

e Hence the critical values from these distributions are not correct, and incorrect inferences
may be drawn from the tests.

e However, for large enough n these results hold approximately.

e \We therefore use large sample methods to find out the properties of estimators and test
statisticsas n — oo.

e But if large samples are available and the normality assumption holds, then we can also use
additional results.
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e Consider asequenceof numbersindexedby n, eg., {z, = e™"} = {

1 1 1

e, 627 637...

e \We can define the limit of this sequenceasn — oc:

lim z, = lim e " = 0.
n—aoo n—aoo

e The sequence {z,,} is said to conver ge to zero.

1

) oy

1

S/



e What happensiif the elements are random variables?

e The sequence of random variables {x,, } convergesin probability to aconstant c if

lim Pr(|x, —c| >¢€)=0 forany € > 0.

n—oo
e Thisiswrittenasz, = ¢ or plimx, = c.

e INn words. there exists a positive number ¢ such that, as n gets larger and larger, the
probability that the distance between x,, and c is larger than ¢ converges to zero.

3T

L e F——t— —t—— f . T f ; ; f ;
-04 02 00 02 04 06 08 10 12 14 16 18 20 22 24 26 28 30
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e If plimb = [ then b issaid to be aconsistent estimator of 3.

e A useful property of the plim operator is:

Slutsky’s Theorem: If A(-) isacontinuous function and plim x,, = ¢, then

plim h(x,) = h(plimz,) = h(c).

e This property is not shared by the expectations operator: in generd, E|h(x)| # h|E(x)]
for arandom variable = (thisis called Jensen’sinequality).

e Another useful resultis:

If x,, isarandom sequence such that lim,, ., F(x,) = c and lim,,_,, var(x,) = 0, then
plim x,, = ¢ (see Theorem D-1 on p. 1107 of Greene).

e When they exist, this enables us to establish consistency by examining the limiting
properties of the expectation and variance.
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e \We are aso interested in the distribution of random variables.

e Suppose F},(-), the distribution function of x,,, converges to a distribution function F'(-) as
n — oo; then F(-) isthelimiting distribution of x,,.

e If x isarandom variable having distribution function F'(-), then x,, is said to converge in
distribution to z.

— For example, if z ~ N(0, 0%) and x,, convergesin distribution to z, then we write
T 5 1~ N(0,02) or z, > N(0,02).

e A useful result concerning convergence in distribution is:

Cramer’sTheorem: If A, isamatrix sequence suchthat plim A,, = A, and b,, isavector
sequence such that b, Lb~N (0,Q), then

Apby 5 Ab ~ N(0, AQA').
— Thisiswill be useful in studying the limiting distribution of the OL S estimator.
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3) The method of maximum likelihood

e Consider the classica modd

y=28+e, i=1,...,n €|X ~ NID(0,0%).

e NB: ‘NID(0,0%) means ‘normally and independently distributed with mean zero and
variance o',

e The normality assumption means that the conditional probability density function (pdf) for
€; IS

1 €2
f(€i|X,ﬁ70'2) = U\/%exp {—20_2} , —O00 < € < OQ.

e Theindependence of the ¢; means the joint pdf for then x 1 vector € is:

flelX, 8,0 erle ( 2W> exp{—zg(jé }
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e Becausey = X3 +eand e = e = (y — X5) (y — X 3) we obtain the joint pdf for y:
(y — X8)'(y - Xﬁ)}

2072

Fy1X, B,0%) = (210%) " exp {— @)

e Thisisafunction of y for given X, 3 and ¢2.
e But in econometrics we need to estimate 3 and o for given y and X.

e The method of maximum likelihood takes the probability density in (22) and chooses the
values of 3 and o? which are most likely to have generated the observed y.

e When regarded as a function of 5 and o for given y, the function in (22) is caled the
likelihood function L(3, 0%y, X):

(23)

L(B,0%y,X) = (27r02)_”/2 exp {_(y — XB)'(y — Xﬁ)}

202
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e \We need to maximise (23) with respect to 3 and 2.

e It iseasiest to take logs and maximize the log-likelihood function:

L= "wor - Pmer 2V (24)
2 2 202
where S(3) = (y — X8) (y — X 3) isthe familiar sum of squares function.
e Thefirst-derivatives of the log-likelihood function are:
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e Clearly, from (25a) and (25b):
Bur = b= (X'X)"'X"y,

52 (y — XBML)’(Q — XBML) - D 622 4 &2
ML = n -, '

e For “well behaved” (regular) problems, the MLE f has the followi ng properties.
1. Consistency: plim 6 = 6.

2. Asymptotic normality: 6 < N (6, 1(6y)""), where I(0) = —F [%} is the
Information matrix.

3. Asymptotic efficiency: f achievesthe Cramer-Rao lower bound for consistent estimators,
meaning that in general, for a consistent estimator 6, var(0) > 1(6,y)~L.



e Although we have concentrated on the (Neo)CLRM, maximum likelihood can be applied
In awide variety of problems, provided we can write down the density function!

e Consider now ageneral estimation problem where we want to estimate an m x 1 parameter
vector § whose true valueis 6, (in the previous case, § = (3, 0%)).

o Let
0ln L(0)
g9(0) = :
0*In L(0)
H(0) = :
10 = 5600

AN

e For regular problems, the maximum likelihood estimator (MLE) satisfies g(6) = 0.
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4) Large sample hypothesistests

e Sometimes we want to test hypotheses involving nonlinear restrictions of the form

Hy:c(0) =0 aganst Hy : c¢(0) # 0 (26)

where 6 is an m x 1 vector of parameters and the function ¢ : R — R’ (J < m) i.e,,
c(f)isJ x 1.

e Linear restrictions are a specia case: ¢(f) = RO — q.
e Let § be the unrestricted MLE and 6 r betherestricted MLE:

0 = arg max L(0); Op = arg max L(0) st. ¢(0) =0,

where L(0) isthe likelihood function.

e There are three large sample tests based on L(6).
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e Wald Test: Based on unrestricted estimator 6:

W =) [COIO) Y] eld) 3

under Hy asn — oo, where

and /(6), as before, denotes the information matrix

1(6) = —E[H(0)].

(mxm)
e Both t- and F-tests are special cases of Wald tests.

e Easy to use when restrictions are difficult to impose on the mode.

(27)
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e Likelihood Ratio Test: Based on both 6 and @R:

LR =2 [m L) — I Ldgp)| % 2

under Hy asn — oc.
e Sometimeswrittenas LR = —2In A, where A = L(6z)/L(0).

e Very easy to compute when f and O, are available.

e Lagrange Multiplier (score) Test: Based on Op:

AN

LM = g(0g) [1 (93)} B 9(0r) > X

under Hy asn — oo, where (as before)

_ Ol L(0)

g9(0) 50

e Easy to use when it isdifficult to estimate unrestricted mode!.
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e \Which test should be used, and when?
e These tests are asymptotically equivalent under the null and are only asymptotically valid.

e The LM test isoften interesting when we want to check for departures from the maintained
assumptions as we do not have to fully specify the aternative (more on this later).

e The Wald test is easy to modify so that it is valid even if some assumptions of the model
do not hold (more on this | ater).

e Note that different inferences can be drawn from testing the same hypothesis with the
different tests. In the CLRM, for example, it can be shown that

LM < LR<W.

e In such circumstances, if LM rgects Hy, then so will LR and 1V, while if I does not
reject Hy, then neither will LM or LR.

70



University week: 6
L arge sample methods (continued)

Outline

1. Review;
2. OLS in large samples: Relaxing normality;

3. Instrumental variables estimation.

Reading: Greene: chapters4 and 8.
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1) Review

e Moddl: y = X3 +e.

e OLS estimator is BLUE under classical assumptions.

e Large sample concepts. consistency and limiting distribution.

e MLE under normality: equivalent to OLSin classical mode.

12



2) OLSin large samples. Relaxing nor mality

e Consider the modd

yi = 1.8 +e; €| X ~ I11D(0,0%).

e NB: ‘11D(0,0°) means ‘independently and identically distributed with mean zero and
variance o*’.

e Inthismodel E(b) = 3 and var(b) = o*(X'X) ! asusual.

e It istypically assumed that (thisis questionable for time series data)

X'X
plim — Q.. (K x K nonsingular), (28)

n

. . n
e plim > " i /n = .

/3



e Ish aconsistent estimator of 57?

e Recall that from (16) we have

b= L8+ (X'X)" X

e Therefore, by Slutsky’s theorem:

1 - 1
plim (b) = S + plim (—X 'X ) plim (—X ’e)
n

n
1
= B+ Q. plim <5X’e> .

e Therefore, for b to be consistent for 3, we need plim (+X'e) = 0.

e Because E (+X'e) = 0, wejust need to show that

1
lim var (—X'e) = 0.

n—o0 n

4



e By definition
1 1
var (—X’e\X) = —FE(X'ed X|X)
n

2

1 / / /
= ﬁX E(ee'| X)X
B O2X, _O_2X/X
2 S non

e Hence

e For “well behaved” data, £ (%) is afinite constant and therefore

1 X'X
lim var (—X’e) =0 X lim E( ) = (.
n

n—o0 n—00 n

e Thisshowsthat b, the OLS estimator of 3, is consistent.



e \What about the large sample distribution of 57?

e Recall the definition of ()., in (28) and note that under our assumptions a Central Limit
Theorem |leads to

1

n

X'e 4 N(0,0%Q.). (29)

e Usingagainb = 3+ (X'X) ™" X'e, we obtain

XxX\'1
V(b — ) = ( - > %Xﬁ
e Then, from Cramer’s Theorem
V(b — ) 5 N(0,0°Q;QuQr)) = N(0,0°Q5)). (30)

e \We can use thisresult to justify using the normal distribution in large (but finite) samples:

(b—B) A NOQY) = bA N AXX)).
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3) Instrumental variables estimation
e However, often economists are interested in models that are not conditional expectations.

e A simple example involves the consumption function in a closed economy:

Ci — 51"‘52%’"‘5@'7

Y, = C;+ I, + G

1
= B+ 68Yi+e+ 1 +G; =
1 — B,

e 30, Y}, the regressor in the consumption function, is correlated with (in fact, depends on)
¢;, the disturbance.

e Because E(¢;]Y;) # 0 (Y; is “endogenous’), 5, and 3, cannot be parameters of a
conditional expectation.
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e Consder the model

y=XB+e ¢=1ID0,0°) i=1,...,n.

e \We have examined the properties of the OL S estimator in this model assuming

1 :
plim (—X 'X ) = ()., (nonsingular):
n

1
plim (—X’e) = 0.
n

o Because b = 3+ (X'X/n)~}(X'e/n) wefind that plim b = 8.

e \When the e ements of X are correlated with ¢ in the limit, we have

1
plim (5){’6) =y # 0.

e Therefore, plim (b) = 8 + Q.1 # 3, and S0 b is no longer consistent.

(31)
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e How can we construct a consistent estimator of 57?

e Suppose we can find aset of L instrumental variables, the observations being contained
Inthen x L matrix Z.

e Werequire Z to satisfy the following properties:.
(@ plim (n*Z'Z) = Q.. (positive definite);
(b) plim (n~'Z'X) = Q.. (L x K, rank K): “Z correlated with X;”
(c) plim (n~'Z'¢) = 0: “Z uncorrelated with e.”

¢ \Where do instruments come from?
e Recall that we require Z to be uncorrelated with ¢ and correlated with X,

e Reconsider the consumption function example:

Ci — 61—'_62}/2'—'_62'7
Y, = C;,+ I, + G;.

79



o If I, and G, are exogenous then they would be suitable instruments because they are
uncorrelated with ¢; but determine Y; (and hence are correlated with Y;).

e In the above example, the complete model is known and the choice of instruments is
obvious.

e But often it isinfeasible and/or impractical to specify alarge set of equations when we are
really only interested in one.

e The general rule is that instruments must be variables that affect 1y, only through their
effect on the endogenous regressors they instrument.

e ThelV estimator may be obtained in two steps:
1. Regressthe variablesin X onthosein Z and obtain the fitted val ues, X;

2. Regress y on X to obtain by, the IV estimator of O.
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Let’'slook at these two steps in more detalil.
o STEP 1.
—Wehave X = [21,...,2j,...,2k].

— Regressingeach x;. (k= 1,..., K) on Z isequivalent to estimating the equation
T = Zayj + uy,

the estimator for whichisa, = (Z'2) " 2"z, (L x 1).
— Thefitted values are

iy = Za, = Z2(Z'2) ' Z'x), = Pgay, (n x 1),

where P, = Z(Z'Z)~1Z’ isthe projection matrix for Z.

— Hence

X:[jfl,...,.ffj,...,fi[(] — [Pzazl,...,PZazj,...,PZa:K] :PzX.
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e STEP 2

— Write X = X + u and substitute into (31) to get

— We now estimate y =

bry

y = (X+u>5+e:f(ﬁ+(e+u5).
Xﬁ + e:

= (X'X)7' X'y

= (X'P,P;X) ' X' Py

— (X'P;X) ' X'Pyy

— [(X'Z(Z22)\Z'X] " X'Z2(Z'2)"\ Zy.

(32)
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e To show that by IS consistent, substitute (31) into (32) to obtain

by = B+ [X'Z2(Z' 22X X' Z(Z'Z) " Ze

X'z (Z’Z) Lgx

—1
X'z (Z’Z) AL
n

:54_

n n n n n

e Taking the probability limit, we obtain

phm (b]V> — 5 + [Q/szz_leZl‘]_llexQz_zl X 07

so that plim (by) = 8 and byy isaconsistent estimator of S.
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e Under appropriate conditions ensuring that
1
%Z/G i N(O, O'QQZZ)

we find that, asn — oo:

Vn(bry — B8) =

X'7Z (Z2'Z\ ' 7'X
Vv

—1
X'Z (Z’Z) AL
n

n n n n

d _ _
— N <O7O-2(lexszlQZ$> 1)
e Hence for large (but finite) sample sizen
by & N (5, J2<X’X)—1) . (33)

e Thedistribution in (33) cannot be used in practice because o2 is unknown.



e We can estimate o2 using

where ¢ =y — Xbyy.

e Note that the appropriate residualsarey — X b and not y — Xbyy.

e The IVE can be obtained from the minimisation problem:

by = arg mﬁin Srv(8) where Spy(8) = (y — XB) Py(y — XB).
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University week: 7
The generalised linear regression model; heteroskedasticity

Outline

1. Review;

2. The generalised linear regression model;
3. Properties of OL S in this context;

4. The generalized least squares estimator;

5. Heteroskedasticity: testing and modelling.

Reading: Greene: chapter 9.
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1) Review

e Moddl: y = X3 + .

e OLS estimator: BLUE under classical assumptions.

e MLE: equivalent to OLS in classical model, efficient.

e Relax assumptions. OL S consistent and asymptotically normal (need other assumptions).
e |V: consistent under regressor-error correlation.

e What happensif F(ee'|X) # o*I?
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2) The generalised linear regression model

e Consider the (generaized) linear regression model

y=XG+e EX)=0, (34)

but where we now assume that

E (e€|X) = 0°Q,

where () iIsann X n symmetric positive definite matrix.

e The diagonal elements of {2 need not be the same, and the off-diagonal e ements need not
be zero.

e The (Neo)CLRM resultswhen () = I,,.

e Thismodel captures the two main cases of non-spherical disturbances:.
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e Heteroskedasticity: herevar(e;| X) = o7 whilecov(e;, €;]X) = E(e;e;| X) = 0fori # 7,
so that

_wll 0 ... 0 | _0'% 0 ... O_
Beelx) == | ) w2 O o0 0y
i 0 O | W;’m_ _(.) O | O'%_
whereo? = c%w;; (i = 1,...,n).

e Autocorrelation (serial correlation): In this case var(e;| X) = o while cov(e;, €] X) =
E(eiej|X) = 0?py;_; fori # j, so that

1 p Py Puo Pt
P1 I P1 -+ Pp—3 Pn-2
F(ed|X) = 20 =52 P2 P Lo pry pus
Pn—2 Pn-3 Pn—4 --- 1 P1
| Pn—1 Pn—2 Pn—3 --- P1 1
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3) Properties of OLSin this context
e Recall thatb = 8+ (X'X) ' X'e sothat E(b) = 3 if E(e|X) =0, i.e, bisstill unbiased.

e Under very general conditions, b is also consistent.

e However, var(b|X) = E[(b— 5)(b — §)'|X] hasthe form

var(b)X) = E [(X'X) ' X'ed X (X'X)7']

= (X' X)) X'OX(X'X)

which istypically not equal to o?( X' X)L
e Hence inferences based on the usual t- and F-tests are invalid and may be misleading.

e Furthermore, OLS may not be BLUE, i.e., we may be able to find a LUE with a smaller
variance than OLS.
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4) The generalized least squares estimator

e Because () Is positive definite we can find a matrix P (n x n) such that

P'P=Q! andtherefore P~H(P')t = Q.

e Notethat PQQP’ = I,,, and that P is not the projection matrix we have seen before.

e Now we pre-multiply the moddl (34) by P:
Py=PXp3+ Pe or y, = X0+ €,. (35)

e Then, if F (.| X,) = 0, the transformed model satisfies the (Neo) CLRM assumptions:

E(e.€.|X,) = E(Pe P'|X,) = PE(e€ | X,)P' = 0 POQP' = o°1,.
e Hence OL S applied to (35) isBLUE.
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e Thisisthe generalised least squares (GLS) estimator:

B = (X/X.) "Xy
— (X'P'PX) 'X'P Py
= (X'Q7'X)7IX'Q 7y
o Alternatively, we can define the GLS estimator as 3 = arg ming S, (/3), with
S.(B) = (y — XB)QU (y — Xp) = €le.

e What are the properties of this estimator?
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e Usingy = X3 +eweobtain § = 8+ (X’Q LX) 1X'Q e,

AN

E(B) = B if E(eX,) =0

var(B1X) = B |(8 - 8)(3 - 8Y1x]
= F (X0 X)) X'Q ledQ ' X(X'QX) N X]

= XXX X (XTI X)) T = A XOTIX) T = (XX T

e The GLS estimator isthe BLUE for this moddl, and hence

AN

var(b) — var(B) = o*(X'X) ' X'QX (X' X) ! = A (X'Q7'X) !
IS a positive semi-definite matrix.
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e Finaly, 6 IS a consistent estimator of [ if

X'O1X X'Q1
plim = (), and plim € _
n n

e For t- and F-tests we need an estimate of o2, and can use

wheree = y, — X..

e The estimated covariance matrix of 5 IS

XX =64 XIX,)Th

= 0.

e Totest the J linear restrictions H,: B3 = ¢, we can use an F-test based on the transformed

model. Let BC denote the constrained estimator of 5 under H,. Then we can use

S*(Bc) - S*(B) . n—K

F = -
S:(B) J

~ FJ,n_K under H,.
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e Despite being BLUE, the GL S estimator assumes that €2 is known, but typically thisis not

true in practice.

e Thefeasble GL S(FGLYS) estimator is based on an estimator of (2, denoted (), andis given

by (Greene US&SB for 6 7)

e 3 and /3 are asymptotically equivalent if

_ X'O1x X'01x
plim — = 0,
n n

(25 - (229

= 0.

e Notice that we only need consistency of Q) for 6 7 to be equivalent to GLS.
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5) Heteroskedasticity: testing and modelling
e Consider the heteroskedastic linear regression model

2

2B e 1X) = elx)y=19h =1
w=alfte BlelX) =0, Bleelx)={ 7" 127
e Thisisaspecia case of the generalised linear regression model in which:
_wll .. 0 | _1/\/(4}11 0
QO =c*| i+ . i |, P = : :
i 0 ... wm_ i 0 1/\/wnn_

e Therefore, the GLS estimator is obtained asthe OL S estimator in

Py = PX3+ Pe or y, = X0+ ¢..

e That is, 3 isthe Weighted Least Squares (WLS) estimator

(36)

(37)
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e But o7 istypicaly unknown, so we use the FGL S estimator

. no i no Ty
o= (221 xj?) Zi:1 xfgz (38)

O ; O,

e The question in practiceis: how do we model o2, i.e., how do we obtain 677

e \We cantry to relate the variance to a set of observable variables, contained inap x 1 vector

of functions of x;, but it is generally difficult to know how to specify thisrelation.

e A possible approach is to be less ambitious and just try to approximate 0. This can be

done following these steps.

a) Obtain b, the OLS estimate of 3, and the corresponding fitted values y; = 20 and
residualse; = y; — x}b;

b) Use OLSto estimate
In (e?) = ag + o + sy + s,

approximate o with exp(dip + G g + Goif?) = exp (m (eg)) .

c) Obtain (38) using this approximation to o?.



e Because this method is unlikely to lead to a consistent estimator of %, the WLS estimator
obtained in thisway will not be fully efficient, but if the heteroskedasticity is strong it may
be much more efficient than ssmple OLS.

e A magjor problem is that if the estimator of o2 is not consistent, the FGL S standard errors
are aso invalid.

e S0, in order to have a practical procedure, we need to do two things:

(a) Find away of computing standard errorsthat arevalid even if thereis heteroskedasticity;

(b) Find away to check for the presence of heteroskedasticity and to gauge its strength.
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e Consistent standard errorsfor OLS
— Recall that var(b|X) = o?(X'X) 1 X'QOX(X'X) ™!

— Under heteroskedasticity thisis

var(b|X) = (X'X)! (Z; o022 ) (X' x)"!

— |t can be shown that

plim — E . oirx) = plim — g . 2 a1,
n 4—i= n 4—i=

— Thisleadsto the Eicker-White heter oskedasticity consistent estimator of var(b|X):

/\

var(b[X) = (X'X)" (Zj_l e2a ) (X' X))

— Although this can be used for inference using b, it does not make b BLUE!

— The same approach can be used to obtain valid standard errors after FGL S estimation
when the estimate of % is not consistent.
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e Testing for heteroskedasticity

— Usually, alinear regression mode! is estimated assuming the classical assumptions hold,
and then tested to see whether these assumptions appear to be satisfied.

— Therefore, after OL S estimation, we want to test

Hy : O'Z2 20'2, againstHl : O'? = f(ZZ',Oé).

where z; isap x 1 vector of squares and cross products of the regressorsand f (z;, ) is
suchthat f (z;,0) = o2

— So, thetest for E (€Z|x;) = o can berecast as

Hy: o =0against H;:a # 0.

— Modifying a Lagrange Multiplier test proposed by Breusch and Pagan we can check
the validity of the null without specifying f (z;, «) (only mild regularity conditions are
required).
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— To preform the test, we regress the squared residuals e? on a constant and on z; and
compute the 122 from this auxiliary regression.

— Under Hy, we havethat asn — oo
nR* ~ XZQN

where p isthe dimension of z;.

— Alternatively, just use an F-statistic to test that in the regression of ¢? on a constant and
on z; all slope parameters are equal to zero.

— In cases where candidate e ements for z; are not obvious, a convenient approach isto use
fitted values from the initial OL S regression and its squares.

—Thatis, set z; = [QZ :&22}

— This particular procedure is proposed by Wooldridge and uses results from the work of
Breusch, Pagan, White, and Koenker.

— Finally, note that other tests for heteroskedasticity are also available.
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University week: 8
Serial correlation and dynamic models

Outline

1. Review;

2. Serial correlation (autocorrelation);

3. Examples of autocorrelation processes;
4. Testing for seria correlation;

5. Estimation of dynamic models (lagged dependent variables).

Reading: Greene: chapter 20.
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1) Review;

e Generalised Model: y = X8 + ¢, F (e¢| X) = o0

e GLSestimator: BLUE if €2 known.

e FGLS estimator: asymptotically equivalent to GLSif ) estimated consistently.

e Heteroskedasticity: {2 diagonal with different elements on diagonal.

e He have seen how to test for heteroskedasticity.

e If heteroskedasticity is a problem, we can use a robust covariance matrix and WLS.

e What if E(e€’| X ) isnot diagonal (serial correlation)?
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2) Serial correlation (autocorrelation);

e \We shall consider the linear regression model

y=x8+e, t=1,...,T, ofr y=XpB+e, (39)

where we are using a ¢ subscript to index observations in time, and 7' denotes sample size.

e We shall continue to assumethat F(e|X) = 0 with E(ee'| X) = 0, where Q isno longer
diagonal.

e Notice that autocorrelation and heteroskedasticity have very different natures:

— Heteroskedasticity is a characteristic of the population;

— Autocorrelation is a characteristic of the sampling scheme.

e \What are the e ements of (2?7
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e Recall that

1 P1 Py .. Pr_1 Yo 1 Yoo .- VT-1 |
/ , , P1 1 Pr -+ Pr-2 1 Yo Y1oo--- VT2
E(EE ‘X):U l=0 P2 P1 L ..oppg| = Y2 1 Yo --- VT-3
| Pr—1 Pr—2 P1-3 --- 1 i Y11 VY172 V1-3 -+ 7o |

where the autocovariances are defined as cov(¢;, €; | X)) = cov(epps, €| X) =7

S"

e Notethat v, = cov(e;, €] X) = var(e]X) = o which we assume as constant i.e., there is
no heteroskedasticity.

e The autocovariances depend on the units of measurement, so we cannot tell whether avalue
of 0.1 islarge or small without further information.

e The autocorrelations do not depend on the units of measurement, and are defined as

_ s

0 :
370

e Notethat p, = 1 and that —1 < p, < 1 for dl s.
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3) Examples of autocorrelation processes,

e It isobviously impractical to try to estimate al 7" autocovariances (v, . . . , Yp_1) Or auto-
correlations from a sample of 1" observations.

e \We therefore try to model the autocovariances (or autocorrelations) in terms of a small
number of parameters.

e Autoregressive disturbances. AR(1)

— Thefirst-order autoregressive process, or AR(1) process, is given by

€ = pe—1 +u, |p| <1, (40)
where
Ew|X) =0, Eu|X) =02 E(wu,|X)=0 for t#s.
e What arethe properties of ¢,?
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— By repeated backward substitution:
& = p(per—a + wr—1) +
= pier_o + U + pus_
— p*(per_g + Us—9) + Us + pus_

= pPer_s + U + pui—1 + p U2

= s+ U+ pU—1 + o+ P U0 + PP U

s—1

e, ¢ = ple_g+ Zpiut_z- (s > 0).
i=0
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— |t iIs sometimes convenient to let s — oo to obtain

0
i
€t = E P Ut—q,
i=0

because lim; ., p° = 0 dueto |p| < 1.
— Note that ¢; depends on current and all lagged values of ;.

— It is straightforward (1) to show that:

E(e|X) =0,
2
o
= X) = v
o = var(a|X) = 122,
,080'2
_ x) = L%
vy = cov(€, €| X) -

and hence p, = v,/v, = p® (thisnotation is due to Greene!).
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— Using the AR(1) process, the entire covariance matrix of ¢ is determined by only two
parameters: o2 and p.

— It istherefore a very par simonious method of capturing autocorrelation.

— The AR(1) process can be extended to the AR(p) process which includes p lags of «;:

€t = P1€¢—-1 + ...+ ,Opet—p + Uy. (41)

— The formulae for the autocovariances are more complicated and depend on the AR para-
meters py, ..., p, and o3,

e An alternative processis the first-order moving average, or MA(1), defined by

€t = Ut + )\ut—la (42)
where u; has the same properties asin the AR(1) case.
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— The properties of ¢; are easily derived:
E(e|X) =0,

Yo = var(e|X) = on(1+ N,

2

u?’

v, = cov(€, 61| X) = Ao

Vs = CO’U(Gt, Et—s‘X) =0, s> 1.

— The MA(1) process can be generalised to the MA(q):

€ — Ut + )\1ut_1 + ...+ )\qut_q. (43)

with v, = 0for s > gq.

— An important difference between an MA and an AR process is that for the latter the
autocorrelations tail off smoothly, whereas for the MA process they abruptly become
zero after ¢ lags.
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4) Testing for serial correlation;

e Usually we estimate alinear model by OL S assuming that the classical assumptions hold,
and then attempt to test whether those assumptions appear to be satisfied for the estimated
model.

e \We therefore need to be able to test whether the assumption of zero covariance of the
disturbances appears to hold, based on the estimated residuals.

e Until the 1990s, the most commonly used test for serial correlation was the Durbin-
Watson test for first-order autocorrelation.

e Nowadays, the Lagrange Multiplier test is more popular because it can be applied in a
wider set of circumstances and can test for higher-order serial correlation.
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e The null and alternative hypotheses for the Breusch-Godfrey LM test are as follows:

Hy : noseria correlation in e;;
H; : ¢ isAR(p) or MA(p).

e Notice that because an LM test is used, we do not need to be specific about the nature of
the serial correlation process under the alternative.

e Thetest statistic ismost easily calculated by estimating the following auxiliary regression:
er = Ty + pre—1 + ..+ ppei—p + Uy (44)
e Thetest statisticissimply 7'x R? and, under H,, we haveasT — oo,
LM =TR? ~ x.
e Note that the R? isfrom the auxiliary regression in (44).
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5) Estimation of dynamic models (lagged dependent variables).

e A dynamic model is one containing lagged values of the dependent variable vy, and/or the
regressors z;, e.9..

Y = B+ Boxt + Byt + Byyr—1 + €t

e Typically, wereserve the use of the label "dynamic model" for modelsincluding the lagged
dependent variable.

e \We will now focus on
E (yi|xe, -1, y1—1) = By + Boxr + Baxi—1 + Bayi—1,

with £ (et\xt, Tr—1, yt—1> = 0.
e Noticethat thisis different from E (y:|.X ), where X includes the lagged values of ;.

e Indeed, for t < T', we havethat F (y;| X) = y:, which isobviously not the model we want.
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e The change in the conditioning set changes the properties of the OL S estimator.
e Consider the AR(1) modd for y;:

Yr = Byr—1 + €,

where E(Et‘yt_1> = 0, E(Eﬂyt_l) = 0% and E(6t63|yt—17 y3_1> —0fort 7é S.

e Here,

Zil Yt—1Yt _ 54 Z;il Yt—1€t
ZtT:l Vi1 ZtT:l Vi1

e Typically, b is not unbiased, because

T T
Zt? Yi—1€¢ g i 3#_1 . | - E Z Yi—1€¢ 0
thl yt2—1 t=1 thl th—l Ezt Y

b:

E
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e However, provided plim 7! Ethl y;—1€6; = 0, then b is consistent because

e The important feature hereisthat y;,_; and ¢; are uncorrelated.

e The OLS estimator would not be consistent if, for example, ¢; was an MA(1) process,
because y;_1 and ¢; would then be correl ated.

e If OLS is used in models with lagged dependent variables, then it is important to test for
serial correlation in the disturbances.
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e How should we proceed if, having estimated the model
Y = 1,0 + €&,

(where the vector x; may include lagged values of ;) we find evidence of first-order serial
correlation of the form

€ = pe—1 + Uy’
e \We could attempt to estimate the model allowing for the serially correlated disturbance,

and there are ways of doing this.

e However, we need to ask why is there autocorrelation in the disturbances? This can often
arise because of:

(@) misspecification (fitting alinear model when y and = are related non-linearly);
(b) neglected dynamics (not including enough lags of v, and z;).

e Neglected dynamicsis generally both serious and reasonably easy to deal with.
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e INn mMost cases, the problem can be eliminated by modelling the dynamics by including
lagged variables as regressors, rather than ssmply confining dynamicsto the error term.

e For example, notice that a modd of the form
Y =TS+ € € = per—1+ wy
can be rewritten as
Y = pyi-1 + 118 — w1 pf +wy
e More generally, this approach leads to models of the form
Yo = P1Ye-1+ o P+ 1B+ e

where z; can contain current and lagged values of the other regressors.

e In general, the ultimate purpose is to specify a model that incorporates al the relevant
Information available at period ¢.

e That is, amodel such that £ [Gt‘ﬂﬁt, Yt—1, Tt—1, Yt—2, . . ] = (.
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University week: 9
Unit roots and cointegration

Outline

1. Review;

2. Stationarity;

3. Unit roots in the AR(1) moddl;
4. Testing for unit roots;

5. Cointegration.

Reading: Greene: chapters 21 and 22.
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1) Review

e Implicit (so far) has been some notion of stationarity e.qg., E(e|z;) = 0, E(e?|z;) = o2,

E(€t€8‘$t> =0 (t ?é S).
e Finite-sample and asymptotic results have rested on variables being “well behaved”.

e Many time series are not stationary but contain deterministic/stochastic trends

e For example, in Problem Set 1, we considered a model where Y fluctuates around a linear
trend 5, + (352 and found that:

i nog ] [ n(n-+1 7
X/X n ZiZl [ n ( 2+ )
i Z?::l ( Z;.Ll Z'Q | I n(n2—i-1) n(n—i—1)6(2n_|_1) _

e Inthiscase, n~'X’X does not converge to afinite limit.

e For caseslike this, new tools are needed.

119



2) Stationarity

Definition: A timeseries{y:} (t = 1,...,T) issaid to be (covariance) stationary if:
(i) E(y;) = p (constant — does not depend on ¢);
(ii) var(y;) = 0 < oo (constant — does not depend on ¢);

(iii) cov(ys, ys) = Ajt—s| (only dependson [t — s| and not on ¢ or s alone).

e The most fundamental stationary process is white noise, which we shall denote ¢;, and
which has the properties:

E(e) =0, E(e}) =0* E(ge) =0 (t#5).

o We shall writee; ~ WN(0, o%).

e The white noise ¢; was used to characterise both the AR(p) and the MA(q) processes.
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3) Unit rootsin the AR(1) model

e AR processes are used extensively in econometrics —we shall focus on the AR(1)

e Consider the AR(1) process
Y =YY+ €, &~ WN(0,0%). (45)

e For y; to be stationary we need —1 < v < 1 (commonly written |y| < 1).
o If |y| > 1 the seriesis explosive, whileif |y| = 1 we have a unit root.

e More generaly, for AR(p) processes of theform y; = vyy1 + ... + 7,41 + €, We need
to consider the roots of the equation y(z) = 1 — v,z — ... — 7,2" = 0. If theroots lie
outside the unit circle (modulus greater than one) the processis stationary; if their modulus

IS equal to onethereisaunit root; while if they are inside the unit circle (modulus less than
one) the process is honstationary, or explosive.

e EXxplosive series are not frequent in economics and consequently we focus on the case
~v =1, which leadsto y; = y;_1 + € being arandom walk.
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e What are the properties of arandom walk (RW)?
e By repeated substitution, we find that

Yt = Yr—1 T €
= (Yyro+€-1)+ €

= (Y3 + €-9) + €1 + €

t
=y = y+ ) &
1=1

e Thisimpliesthat F(y;) = y, (which we shall assumeto be fixed) and var(y;) = to? — oo
ast — oQ.

e Noticethat the first difference of aRW is stationary: v, — y,—1 = Ay = €.
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e Often it is appropriate to include an intercept in the model, so that (45) becomes

Y = 4+ YY1+ e, &~ WN(0,0%).
o If v = 1then Ay, = 1 + ¢ (RW with drift) and changesin y; are equal to a constant 1
plus a random component ¢; (and they are stationary).

e Sometimes alinear trend is also appropriate, in which case (45) becomes

Yo = p+ Bt + vy + &, &~ WN(0,07).
o If v = 1then Ay, = u+ 5t + ¢, (RW with drift and trend) and changesin y; are equal
to alinear trend i + 5t plus arandom component ¢, (stationary around the trend).

e A process with a unit root is often called integrated of order one, or 1(1), because it
requires differencing once to become stationary.

e In this terminology, a stationary series is 1(0), because it does not need differencing to
become stationary.
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e Examples of random walks: the pictures below graph awhite noise (inred), aRW (in blue)
a RW with drift (in green), and a RW with drift and trend (in magenta).

0
60;
50;
30;
20;

10}

o

-10f

300,
250!
200!
150!
100/
: M l 50/
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”‘w R »
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0 50 100 150 200 250 300 0 50 100 150 200 250 300
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4) Testing for unit roots
e For the AR(1) defined by (45), subtracting vy;_; from both sides leads to

Ay =y — Yeo1 = ’Y*yt—l + €, ’Y* =~ — L (46)

e Notethat —1 <v<1 = —1<1+9" <1 = -2<v"<0.

e Testing for aunit root is therefore equivalent to testing
Hy:~* =0 unitroot
against H;: v* < 0 stationary AR(1),

which is most easily carried out using at-test in (46).

e But y; is nonstationary under H,, and so the usual limiting (normal) distribution does not
apply for the t-ratio.
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e The appropriate distribution isthe Dickey-Fuller distribution, for which critical values are
tabulated.

e Thetest statisticis

A%

5
se(77)

DF =

where se(-) denotes the estimated standard error.

e Notethat thisisaone-sided test —we are looking for significantly negative values of D F
In order to rglect H,,.

e Let DF denote the critical value (where DF' < 0).

e Thedecisonrulefor thetestis;

if DE < DF reject Hy (v is stationary);

if DF > DFE do not reject H, (y; is nonstationary).
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e Thistest procedure can be adapted for the case in which the model has a drift or atrend.

e For the case with a drift, the test regression becomes
Ayr = i+ 7 Y1+ €,
and the same testing procedure applies (but with different critical values).
e With adrift and atrend, the test regression becomes
Ay = p+ Bt + 7 y—1 + €,
and again the same testing procedure applies (but with different critical values).

e How do we choose the model used to test stationarity? Look at the plot of the series!

e |f the seriestendsto increase or decrease over time, includethetrend, otherwisejust include
the drift (the model without the drift israrely used).
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e If an AR(p) model is more appropriate than an AR(1), we can augment the test regression
with p — 1 lags of Ay;:

p—1
Ayr = Vg1 + Y vy + e,
1=1
p—1
Ay = pu+ 7"y + Z ViAyi—i + €,
1=1
p—1
Aye = p+ Bt+7 g1+ > 7Dy + €.
1=1

e Thisistheaugmented Dickey-Fuller, or ADF, test, and can also have the effect of remov-
Ing serial correlation from the residuals (desirable because the critical values depend on ¢,
being white noise).

e Augmenting the test does not change the critical values to use!
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5) Cointegration

e Suppose we have 2 independent random walks:

Y = Y1+ €, €~ WN(O, 02)7
Ty = Ty +u, e~ WN(0,w?),

where E(e;us) = 0 for all ¢ and s.

e SUppOose we regress ¢y on x, obtaining

Y = bl + bgﬂ?t + Ct.

e Common sense suggests that we would have:
(a) ty = by/se(bs) to be‘small,’ thereby not regecting Hy : 3, = 0;

(b) R? to below (y and x are independent).
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e However, because both y; and x; are 1(1) (random walks), the results we have seen so far
areinvalid.

e Thisleadsto what is known as a spurious regression, and we find that:

(@ ty — o0 asT — oo, I.e, thelarger the sample, the higher the probability of re ecting

(b) R? will be ‘acceptable, suggesting a reasonabl e fit.

e Therefore, we have to be especially careful when estimating regressions with (1) data.

e A characteristic of a spuriousregression isthat e; will also beI(1).
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e Suppose, however, that we run aregression involving only |(1) regressors and find e; to be
stationary, i.e., e; 1s1(0).

e \What does thisimply about the relationship between y; and z;?

e It suggests that the linear combination y; — b; — box; Of thetwo I(1) seriesis stationary.

e Inthiscase vy; and z; are said to be cointegrated.

e Many time series in economics have been found to be 1(1), and so cointegration is often
Important for economic theory.

e In particular, the fact that two series are cointegrated suggests that thereis along-run
relation between them.

131



e To test for the presence of cointegration between apair of variables vy, and z;, the following
procedure can be used:

(a) Test for the orders of integration of v, and x;.

(b) If both variables are |(1), regress y on x to obtain

Yy = b1 + boxy + €. (47)

(c) Apply the DF/ADF test (without drift or trend) to e;. If ¢, ~ I(1) thereis no
cointegration, but if e, ~ I(0), thereis evidence of cointegration.

e Note: adifferent set of critical values is required for the tests of cointegration (different
from the ones for the DF/ADF test without drift or trend).

e Thistest iscalled the Engle-Granger test (EG), and it can also be “augmented” if there are

signs of serial correlation in the residuals of the auxiliary regression used to perform the
test.
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e Thingsto note:

—in (47), standard inference is not valid because the series are | (1);
— ¢e; 1ISsreguired only to be stationary, or 1(0), but it can still be highly autocorrel ated;
— it ispossible to consider cointegration between aset of 1(1) variables z4, . . ., rx;

— with more than two variables the methods become more complicated as it is possible to
have between 1 and K — 1 linear combinations of the variables that are cointegrated.

e To estimate and perform standard inference with models involving (1) variables, we will
first make them stationary by taking first differences.

e Recall also that cointegration describes a long-run, or equilibrium, relationship between
the variables, and that the error from this relation is stationary.

e The eror from this long-run relationship contains information about the short-run
behaviour of the series.
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e Therefore, the dynamic behaviour of these variables can be described by an error
correction model, or ECM, of the form:

D q
Ay = Nep_q + Z i Ay + Z 0; AT + €,

1=1 1=0
where e; is defined by (47) and ¢; ~ WN(0, o2).

e Here y; Isresponding not only to lagged changesin y and z, but aso to the disequilibrium
In the previous period.

e We expect \ < O:

—ife, 1 <0=y1 < (b1 + boxy_1) = Ay should be positive;

—ife, 1 >0=1y,_1 > (by + boxy_1) = Ay, should be negative.
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University week: 10
Simultaneous equations

Outline

1. Review;

2. Simultaneity;
3. ldentification;

4. Two stages least squares (2SLS) estimation.

Reading: Greene: chapter 10.
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1) Review;

e \We have examined (in some detail) the CLRM and have relaxed most of the assumptions.

e The CLRM isasingle equation, but ...

e Sometimes we are interested in complete systems of two or more equations e.g. demand-
supply models, models of (sectors of) the economy.

e New problems arise in the estimation of simultaneous equations models.
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2) Simultaneity;

e Consider the following simple model of demand and supply:

where;

Demand equation: g+ = a1p + ot + €4+,

Supply equation: gy ; = B1pi + €54,

Equilibrium condition: g+ = qs+ = ¢,

g4, 9s- demand and supply  (unobserved);
g equilibrium quantity (observed);
p. price (observed);
x. Income (observed);

€4, €. random disturbances (unobserved).

(48)
(49)

(50)
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e Eliminating ¢, and ¢, using (50) we obtain:

Demand equation: q; = a1p; + ot + €4+, (51)
Supply equation: q; = [31p; + €54 (52)

e Equations (48)—50) are structural equations and form the structural mode!.
e A structural model isamodel suggested by economic theory.

e In this particular model, p and ¢ are jointly determined, or endogenous, while = is
determined outside the model, and is therefore exogenous.

e Note that lagged values of endogenous variables, called predetermined variables, can
often be treated as exogenous.

e Given observations on ¢ and p, how can we know whether we are estimating the demand,
the supply, or any other line?
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e In other words. can the parameters of the structural model be identified?

e For usto be ableto identify one equation, we must obtain observations when that equation
Is fixed and the other is moved by some exogenous reason, asin (2).

(1) (2) 3)
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e In order to proceed, we need to solve (51) and (52) for ¢ and p, leading to the reduced
form of the modd.

qr = 1T + U1ty

Dt = ToXt + U2y,

o 51@2 B 51€d,t — (€4 ¢
T — , U1t = ,
51 — Q] 51 — Q]
o — Qa2 I €dt — Esit
2 — 2t — .
b1 — o B — o

e Assuming that E (v;;|z;) = 0,47 = 1,2, it is clear that 7, and 7, can be consistently
estimated by OLS.

e However, equations (51) and (52) cannot be estimated by OLS because the endogenous
regressors are correlated with the errors.

e Can estimates of a1, ar and 3, be derived uniquely from the estimates of 7, and 75?
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e \We have seen that we require shifts in the demand and supply equations (excluding the
random disturbances) to trace out points along the other equation.

e Inour system

Demand equation: ¢; = a1p; + ot + €4+,

Supply equation: ¢; = 51p; + €54,

only the supply equation (3,) can be identified because changesin x shift the demand curve
and thereby trace out points on the supply curve.

e Thereis no independent shift in supply that is capable of tracing out points on the demand
curve.

e \We shall now look at identification more generally.
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3) I dentification;

e A general notation for the structural model containing M eguationsis:

Y1y + VoY + - YanYim + B +. .+ BTk = €n

Y1oYe1 + YaoUs2 +. - A YapYim + B1oTin +. o+ BroTik = €2

YimY+HYonrYiat - Y Y+ BTt B g T k=€

wheret =1,...,T.

e \Writing the model in matrix form will help to manipulate it.
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e In matrix form (placing each equation side-by-side):

Y11 Y12 oo V1M

Vo1 Vo2 - Vom
[ytla Y2y - - - th]

| Tmr Tm2 - TMM
B B B
Bor Bag --- Bany
‘i_[xtla L2y« - -y xtK] . . . - [Eth €2 etM]
_5[(1 Bra - 5KM_
= yl'+z,B=c¢,. (53)
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e From (53) it is easy to solve for y; to obtain the reduced form:
y, = —2, Bl 4 7 = 21+ )

wherell = —BI' 1 (K x M) and v} = ;"1 (1 x M).
e NB: [' needs to be nonsingular (completeness condition).

e \We shall assume that

E(Et‘ﬂft) = O, E(EtEHCCt) = Z, E(€t€;|$t,ﬁlﬁs> =0 (t 74 8)

and hence (because v; = (I'"1)'¢))

E(v|zy) =0, E(vwylz) = (D7 ET =Q, E(vvl|z,zg) =0 (t# s).

e \We can consistently estimate I1 by OLS, but what about I" and B?

(54)
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e Noticethat II has K x M parameters, whereas[' and B have M x M + K x M parameters
(> and () are both M x M).

e Thus, unlessfurther restrictions are imposed, it is not possible to identify [" and B.

e What types of restrictions can be imposed?

— Normalisation restrictions: there will be a coefficient of 1 on one y,; in each equation.

— Zero/exclusion restrictions. some variables are excluded from certain equations and
hence the corresponding coefficient is zero.

— Other types of restrictions can be imposed, but we will not talk about them.

e Aswe have seen in the example of the demand system, it is possible that some equations
of the model are identified while others are not.

e Therefore, identification proceeds on an equation-by-equation basis.
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e Consider equation j, y,['; + x;B; = &, and define:

. included endogenous  (

. excluded endogenous (

. included exogenous (K x 1);
(

. excluded exogenous

where M; + M +1=Mand K; + K7 = K.

e Equation j isthen (noting that 7 = 0 and 3; = ()

Ytj —

YZj%‘ + Y;;'/V; + x;jﬁj + 95:;5; + €t

o Implicitly, I, = [1, —v}, '] , B} = [-f}, 0].

J J’
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e \We can also partition the reduced form:

m; I, 11,
0 Vi i) = [aly =i [ ]

e Weknow that IT = — BT~ implying:

I1 ' = —B.
(KXM)(MxM) (KxM)
e S0, taking column j of this expression givesIIl'; = —B; or
_ [ 1 ]
m; 1L 115 o B,
o 17 1T ! 0|
0

e Now, we need to solve this system for ; and 3.
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e Thetwo relevant equations are:

o= oy = 5]' ;
(Kle) (KjXMj)(ijl) (KjX1)

W; - Hj‘ v, = 0
(Kix1) (K5 xM;)(M;x1) (Kix1)

e The second set of /" equations needs to be solved for A/; unknowns (7).

e Hence, it is necessary (but not sufficient) that the model verifiesthe order condition:

K7 > M; — The number of excluded exogenous (and predetermined) variables must be
at least as large as the number of included endogenous variables.

e The sufficient condition isthe rank condition: rank |7%, IT%] = rank |II}| = M;.

e |f we can do this, we then solve thefirst set of K; equationsfor A'; unknowns (5 ).
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4) Two stages least squares (2SL S) estimation.

e Recall that equation ; can be written

/

e OLSisnot aconsstent estimator of y; and 5; because of the endogeneity of Yt;. .e.,

T
|
plim 7 Z Yieri # 0.
t=1

(We know that Y;; depends on ¢;; from the reduced form).

e \We can therefore use an IV (see dlides 77 to 85) estimator of which 2SLSis a specia case.
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e The exogenous variables in the model form perfect instruments, because:

(a) they are uncorrelated with ¢;; (they are exogenous);

(b) they are correlated with Y;; (they help determine Y;; viathe reduced form).

e Stacking the observationsovert =1,...,7"

vy o= Yoy X 5+
I'x1l TxM M;x1 TxK; K;jx1 Tx1

or equivalently

Y; = D/]? X]] [g]] ‘|—€j :Zj5j+€j~
J
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e Asthe nameimplies, the 2SL S estimator of ¢; can be obtained in two steps:

(@) Regressthe variablesin Y; on X and obtain the fitted values }Afj

Effectively this estimates the reduced form for Y';:

i o= X L+
I'x M, TxKKxM;, 1TxDM;

= I, = (X'X)"'XY,

P P

= Y, = XII; = X(X'X)'X'Y; = PY},

where P = X (X'X)~1 X" isthe projection matrix for X.
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(b) Regress y; on }Afj and X; to obtain 7, 55,4 and Bj,QSLS.
Let Ej = {17], X]} so that the model becomes
Yj = 27-5]- + €5,
leading to the estimator
Sjosrs = (202, Zy;.
e Theresulting estimator is consistent, i.e.,

plim 5]’,25LS = (5j.

e The (asymptotic) covariance matrix of 0 2515 1S

AN

o~ ~\ —1
Asy Var. (5j,25LS) = O'? (Z;Zj> .
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e In order to conduct inference, we therefore need to estimate o5 = E(e;;|x1).

oLete; =y; — Zj(ASj,QSLS denote the 7" x 1 vector of residuals (note that we use Z; and not
Z;).

e Then we can estimate o using

PN
ITT M —K,
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University week: 11
Panel Data

Outline

1. Review;

2. Genera panel data model;
3. Pooled OLS;

4. Random effects;

5. Fixed effects.

Reading: Greene: chapter 11.
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1) Review;

e \We have examined single equation and simultaneous equations models in which variables
are indexed by observation number e.g. y;.

e Thisincludes both cross-section and time-series data.

e Sometimes, we are interested in data that relate to a cross-section over time.

e In thiscase we need to index both the position in the cross-section aswell asintimee.g. y;;
IS the observation on variable y for the i’ th cross-sectional unit in time period .

e Special models are needed to explore the features of this kind of data.
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2) General panel data mode
e Genera panel datafeatures

— Combine observations on cross-section over time — panel/longitudinal data.

— Usually cross-section dimension > time series dimension.

— Focus on cross-sectional heterogeneity.

— As panels evolve, the time series dimension is growing as well — more interest recently
In dynamic panel models.

— Observations have two subscripts, » and ¢.
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e The general form of the panel data model we shall consider is

v =10+ 2zia+ey, i=1,...,n, t=1,...,T, (55)
where

y;; observable scalar dependent variable,
x; K x 1 vector of observable regressors (no intercept),
£ K x 1 vector of unobservable parameters,
z:o (scalar) heterogeneity or individual effect,
z; H x 1 vector with unobservable individual specific variables,
o H x 1 vector of unobservable parameters,
e;; scalar random disturbance satisfying F(e;|xi1, o, - .., 2;) = 0,
E(e4|xi1, Tia, - . -, 2i) = o and E(eqejs|win, Tin, - - ., 2z1) = 0if i # j andlor ¢ # s,
n  number of cross-sectional units (e.qg., individuals),
T number of time periods (e.g., years).

e \We will consider three different approaches to the estimation of this model.
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3) Pooled OL S
e If the unobservable individual heterogeneity is uncorrelated with z;; then we can write

yir = =B+ E(zja) + [zi — E(zja)] + €
= B+ [+ u + €.

e It is convenient to define w), = [1, 2/,], 0 = [, 5] and n;; = u; + €, S0 that the model
can be written as

Yit = Wy + 1y (56)
e Stacking the observationsfor eachz overt =1,...,7T gives
vy =Wio+mn, 1=1,...,n,
wherey; isT x 1and W; isT x (K + 1).
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e It will be assumed that

E(ei|W;) = E(u|W;) = E(eirejs|Wi, W) =0 (t # s, i # j),
E(e;|W;) = E(u;|W;) = E(uju|Wi, W;) =0 (i # j),
E(n;|W;) = E(ng|[W;) = . E(equ|W;,W;) = 0fordli,tand j,
E<n1t777,5|m/;7w) O- (t 7é S)

E®un;s|Wi, W;) =0 (i # j).

e Estimating (56) by OLS leads to the so-called pooled OL S estimator, which is consistent
for o (6 and p).

e However, the presence of theindividual effect u; causes serial correlation in the error terms

e Therefore, pooled OL S is not efficient and the usual covariance matrix isinvalid

e However, an asymptotically valid covariance matrix can be obtained (option cluster in
Stata).

e An efficient estimator can be obtained using GLS.
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4) Random effects
e Asbhefore, the modd to be estimated is

Yit = x;ﬁ + 1+ U+ €t
= w0 + Ny

¢ \We maintain the same assumptions about u; and ¢;;.

e |n particular, we continue to assume that the unobservable individual heterogeneity is
uncorrelated with x;;.

e Notethat E(n;n:|W;) = X, where

= 2 2 2 7
0€—|—20u 20u , O'g
o o+ o, ... o 9 9 /
— u € U u —
2= = o lr +o 171y,
2 2 2 2
oy, oy, ... O+ 0y,

while E(n;n’|W;, W;) = 0 fori # j.
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e Stacking over i gives:
y=Wo+n, (57)

wherey isnT x 1, WisnT x (K + 1), and

'Y 0 ... 0]
E(m') =Q = )= ! =1,®X%,
00 ...%

e Estimation of (57) by OLS leadsto the pooled OL S estimator we have seen before.

e However, (57) Is a generalised linear regression model and can therefore be estimated
efficiently by GLSif €2 is known:

n -1 5
8 _ (W/Q_1W>_1W/Q_1y _ (Z m/zlm) Z m/z—lyi.
1=1

1=1
e If © is unknown an FGLS estimator can be used, provided consistent estimates of o2 and
o2 can be found.
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e It can be shown that 5%, ; iSaconsistent estimator of o2 + o2.

e A consistent estimator of o2 is provided by s7 ¢ ,;-, Which is an estimate of the variance of
the error term in the model we will consider next.

e We can therefore estimate o2 consistently using 62 = 5%, — 826y
e It ispossible to test for random effects based on the residuals from pooled OLS: ¢;;.
e Thetest, dueto Breusch and Pagan (1980), is of

Hy: 02 =0 against H, : 02 #0.

e The LM gtatistic, which essentially checks for serial correlation, is

SSe 1] e e
D i 2 1€t

e Please note that this 1S NOT the Breusch and Pagan test for heteroskedasticity!

n’l’

LM = 2(T — 1)

o If z; iscorrelated with x;;, then both pooled OL S and the Random Effects estimator
are biased and inconsistent due to the omitted variables.
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5) Fixed effects

e If the unobservable individual heterogeneity is correlated with x;;, we can write z/a = «;
and the mode! to be estimated becomes

yitZCC;tﬁ—i-Oéi—l—Git, iZl,...,n, tZl,,T (58)

e Stacking the observationsforeachz overt =1,....7 gives

yi:XiB‘i_lTOéi""eiy ’iZl,...,n,

where
y; and ¢; are T' x 1 vectors, X;isT x K, FE(gé|X;, z) = oI,

17 denotesal’ x 1 vector of ones,  «;isascalar,  E(ee;| X, ) =0fori # j.

e \We can now stack these n equations.
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e Thisleadsto

Y1 X 17 0 0 a1 €1
Yn Xn 0 0 1T (079 €n
y = XPB+ Da+e, (59)

where

yandeaeni x 1vectors, X isnl x K,
D=1,®1pisnT xn, aisn x 1.
e Thisisoften called the least squares dummy variable (L SDV) modd.

e It is essentially a classical regression model which captures the unobservable effects by
taking «; to be a group-specific constant term, and can be estimated by OLS.

e Thisestimator isconsistent for 5 even if z; iscorrelated with x;;.
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e If n islarge, there are some computational tricks that can be employed to exploit the

sparsity of D, asfollows.
elLet Mp=1— D(D'D)'D" and notethat MpD = 0.
e Then the OLS estimator of 5 can be obtained by pre-multiplying the model (59) by Mp:
MDy — MDXﬁ + Mpe (becauseMDD — 0)

= b= (X/X,) "Xy, = (X' MpX) ' X'Mpy.

e Notice that pre-multiplying by Mp isthe same as obtaining deviations from group means,
eg., Y« = yir — ¥y With g = T~ ZL Yit-
e Therefore, 5 can be estimated by regressing y;; — 4; on x;; — ;.

e Notice also that with thismethod it is not possible to estimate the parameters of any regres-
sors that do not vary with ¢ because these regressors are eliminated when we compute the
differences to the group means.
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e The estimator of o can be obtained from the group means of theresidualsy = X0.
e In particular (note that a iIsonly consistent if 7' — o0),

a = (D'D)"'D'(y — Xb).

e The covariance matrices of ¢ and b can be shown to be

2
var(b| X;, z) = o (X' MpX)~t, var(alX;, z) = %In + JQY(X’MDX)_lyl,

where X = [T, @), - T3, 20, ]

e We can estimate o2 using

> e'e (y — Xb)'Mp(y — Xb)

SLSDV:nT—n—K nl’—n—K
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e A test for the significance of the group effects can be carried out with an F'-statistic based
on the sums of squared residuals in the restricted and unrestricted regressions.

e Thetestisof then — 1 restrictions:

H() ] =g = ... = ozn(: Oé) against Hy - Ho IS false.
e Define:

Srspy. Sum of squared residuals in unrestricted regression (58);

Sprooiea: Sum of squared residuals in restricted (pooled) regression (a; = ).
e Then the F'-statistic (which is closely related to the Breusch-Pagan test seen earlier) is.

P SPooled — SLSDV y nl —n— K

~ 'n—1nT-—n—K under HO-
SLsDV n—1
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