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Chapter 14 of MWG.

In previous lectures we studied situations in which asymmetric information existed
at the time of contracting.

We now study the implication of contracting when parties anticipate that
information asymmetries will develop in their relationship.

Anticipating the development of such information asymmetries, the parties will
seek to design a contract that mitigates the possible difficulties caused.
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We distinguish between hidden actions and hidden information.

An example of hidden actions (moral hazard) is when a firm (principal) hires a
manager (agent) and the profit of the firm depends on the effort chosen by the
manager, which is however not fully observable.

An example of hidden information is when the manager comes to possess superior
information about the firm's opportunities.

Of course, the interest is when these asymmetric information creates incentives to
the informed agent to behave in a way that has negative effect on the principal.
The question is how the principal can create incentives for the agent to take
certain actions even if such actions are not observable.
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Hidden Actions

We consider the following framework. A firm must hire a manager for a one-time
project. The firm offers a contract to the manager. If the manager accepts the
contract, he must choose an effort e € {e;, ey}, where ey > ;.

The profit of the project is 7t which is distributed in [, 7T].

The key point is that the profit of the project is stochastically related to e. In
particular, the distribution function is F(7t|e), with the property that F(7t|ey)
first order stochastic dominates F(7t|e;). Thatis F(7t|ey) < F(7t|ey), for all
7t € [mt, 7t]. f is the density function.

The assumption on F implies that the expected profit of the project when the

manager chooses high effort is higher than the expected profit of the project when
the manager chooses low effort,
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The profit of the firm is 71 — w, where w is the wage. The utility of the manager
for wage w and effort e is

u(w, e) = v(w) —g(e)

where v is increasing and concave in w, g is increasing in e. This implies that the
manager likes income, he is risk averse over income lotteries and he dislikes effort.

The utility of the firm is the profit of the project net of the wage. So the firm is
risk neutral.
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The case of observable effort. \WWe now ask what is the optimal contract that
the firm can offer when effort is observable.

If effort is observable the contract of the firm will specify an effort that the
manager should exert and the wage that the firm will pay given the observed
profit of the project, i.e., (e, w(7)), where e € {e;, ey} and w : [z, 1] — RT.

We also consider that the manager can always get u by simply rejecting the
contract.

The problem of the firm is a simple maximization problem: find the effort level
and the associated wage profile such that the expected profit of the firm is
maximized subject to the constraint that the manager will accept the contract,
e.g., participation constraint. Formally,
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ma(m/h—whﬂﬂﬂdmt

ec{e. ey} w

subject to:
[viw(m)f(xle)dn —gle) = @

We can break the problem in two steps. In the first step, we fix e and we find
w(7r) which solves the maximization problem. In the second step, we use the
solution of the first step and find the optimal e.

First Step. Once e is fixed, we can rewrite the problem as follows

mh/whﬂwkwn

w(r)

subject to the above participation constraint.
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Next, note that in an optimal contract the constraint must be binding. Otherwise,
the firm can decrease wage for some realization of 7, the manager will still be
willing to accept the contract and the firm will be better off.

Given that the constraint binds, we solve the problem using Lagrange method. We
obtain that the optimal wage function satisfies:

Viw(n) T

where 7 is the Lagrangian multiplier. [Note that it is enough to solve the problem
for each realization of /1. The condition above is simply the first order condition].

The condition above allows us to differentiate between two cases.

Strictly risk averse manager. If the manager is strictly risk averse, then
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w(7r) must be constant in 71. Hence, the optimal wage, given e, is
/ v(wh)F(r|e)dm = @ + g(e)
that is

v(w*) =u+g(e).

Therefore w* = v1(@+ g(e)). Note that the optimal contract insures the
manager from income risk, i.e., the wage is constant regardless of the realization
of profit.

We can now solve for the optimal e.
Here, note that if the manager chooses e then w*(ey) = v~ 1(z+ g(ey)),
whereas under ¢; then w*(e;) = v 1 (@ +g(e;)), and since eyy > ¢/, g is

increasing in e and v is increasing in his argument, it follows that
w*(ey) > w*(ep).
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So, the manager faces the following trade-off. To ask for high effort, getting high
expected profit but paying high wage, or asking for low effort getting low expected
profit but paying a low wage. Formally, the firm chooses ey if and only if

/nf(n|eH)d7r v+ gley)) > /m‘(n|eL)d7r v Nt gle))

Note that if the manager is risk neutral, then v’ is constant and therefore there
are many optimal contracts. Among these, the one that we have derived is still an
optimal contract.
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But what if effort is not observable?

The optimal contract under observable effort has two properties: one, it specifies
an efficient effort and two, it insures fully the manager from income risk.

When the effort is not observable these two goals are in conflict: the only way to
let the manager to choose optimal effort is to relate the wage to the realized
outcome of the project. This property does not allow for fully insurance.

To see that it is exactly this issue to create inefficiencies we start to look at the
manager who is risk neutral and therefore insurance against risk is not an issue.
We will see that in this case the fact that effort is not observable, does not create
inefficiencies.
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A Risk Neutral Manager. Suppose that v(w) = w

effort and risk neutrality we have that: w* = 0+ g(e

e = argmaxec(e, o} = Eltle] — 0 —g(e).

Note that under observable
*) and

We now show that there exists a contract which achieves the same outcome of the
optimal contract under observable effort. Hence, that contract must be optimal.
Consider the contract w(7r) = 7t — a. That is, the firm asks the manager to pay
« and the manager gets the 7t which is realized. This is as if the manager

becomes owner of the firm.

Suppose that the manager accepts this contract. Once he gets the contract

() December 2, 2011 12 /32



he will choose an effort to maximize his utility, i.e.,

max /W(n’)f(n|e)d7r—g(e)

ec{e ,en}
- / f(r|e)dm +a — g(e)
= E[n|e]+a—g(e)

Hence, the optimal effort of the manager is the same as the effort induced under
the optimal contract when effort is observable.

So, this contract induces the optimal level of effort, once the contract has been
signed by the manager.

Next, given this, note that the manager will accept the contract if and only
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if o satisfies
E[rle’] —a—g(e) > @

which implies that the firm will set a * which makes the above constraint to
bind, i.e.,
o = E[rt|e*] —g(e*) — @

and a* is the payoff of the firm, which is the same as the payoff she obtains under
observable effort.

A risk averse manager. In this case, a manager will have incentive to set high
effort only if he is compensated for taking high risk. To find for the optimal
contract we can proceed as before.

First, suppose the optimal contract requires to implement effort e. What is the
the optimal incentive scheme that the firm can design to implement e. This
amounts in finding the wage schedule w(7r) which minimizes the cost of the firm,
under two constraints: one, the manager accepts to undertake
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the project at that effort (participation constraint) and two, the manager has

indeed the incentive to exert effort e once he signed up for the project (incentive
constraint).

Formally, given effort e, we need to solve the problem:

min /W(n)f(77:|e)d7t

w ()

subject to: (i) participation constraint and (ii) incentive constraint
[viw(z)f(xle)dn —gle) > a

e=arg max /V(W(T[))f(ﬂ'|e,)dﬂ' —g(e)

e'e{e. ey}
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Implementing low effort. Suppose the firm wants to implement e = ¢;. In this
case the firm can offer a constant wage, like in case of observable effort,

w*(e,) = v 1(a+g(ey)), and since wage is independent of 77, the manager will
indeed choose effort level ¢; .

Implementing high effort. Suppose the firm wants to implement e = ey. We
can rewrite the incentive constraints as

[ viw()f(rlen)dr — glen) = [ viw(m))f(nler)dn — gler)

Writing the minimization problem, calling v and u the two multipliers, the
KT-conditions are that for every 7w € [, 77| the following must hold:

—f(rtlen) + v/ (w(m))f(mtlen) + ulf(mlen) — f(rrley)]v/(w(m)) =0
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> -  f(ley)
w(m) T [1 f<n|eH>}

Lemma. |t is easy to establish that v > 0 and p > 0.

First, suppose # = 0. Then the wage schedule must be constant. But this implies
that the manager will choose a low effort, which contradicts that high effort can
be implemented.

Second, suppose v = 0. First order stochastic dominance of F implies that there
exists value of 7t such that f(7t|e;)/f(m|ey) > 1. Since > 0 and v =0, it
follows that for that values of 7t it must be the case that v/(w(7)) < 0, which is
impossible.

Since ¥ > 0 and p > 0, it follows that both the participation and incentive
constraint must bind at the optimal contract which wants to implement ey .
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Remark. Take the fixed wage W: such that v = 1/v/(W). Note that for all 7t
which are more likely under high effort than under low effort
(f(mtleL)/f(rt|ey) < 1), the firm pays higher wage than the fixed wage,
w(7t) > w. The reverse holds for the other realizations.

This is all driven by incentive effects: by structuring compensation in this way, it
provides the manager an incentives to provide high effort instead of low effort.

Remark. Note that w(7r) is increasing in 7t if and only if
f(rtler)
f(rtlen)

is decreasing in 7t. This is the monotone likelihood ration property: as 7t increases
the likelihood of getting profit 7t under ey relative to the likelihood of getting 7t
under e; must increase.
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To see this note that if w(7r) is increasing in 7t then v/(w(7r)) is decreasing in 7T
and therefore 1/v/(w(7r)) is increasing in 77, which requires that

_ f(?feL)]
f(rtlen)

is increasing in 7t, which requires MLRP.

7+#[1

Remark MLRP is not implied by FOSD relation. Hence, the optimal contract to
implement high effort must not have necessarily that wage increases in 7.

Remark. It is easy to check that the expected wage induced by the optimal wage
schedule for implementing effort ey is higher than the fix wage under observable

effort associated to implement high effort.

Remark. The remark above implies that, for a firm, it is more costly to
implement high effort under unobservable effort, while the cost of
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implementing low effort is not altered by non observable effort. This implies that
nonobservability of effort can lead to inefficient level of effort.

Hidden Information. Suppose now that effort is observable. However, once the
contract has been signed, the manager realizes his ability to undertake the project

and this defines his disutility of efforts. This is private information.

Consider that the manager can choose effort e. Given e the profit of the project is
7t(e) which is increasing and concave in effort, and 77(0) = 0.

Once the contract has been signed, the manager observes whether he is suited for
the project, 0, or not, 8;. The probability that 8 = 6y is A.

Under e and 6 the disutility of effort is g(e, ) which is: increasing and convex in
e, it is decreasing in 0, the cross partial derivative is negative and g(0,6) = 0.
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The utility of the manager is
u(w,e 0) =v(w—g(e9)),
where v is increasing and strictly concave.

Observable Information. Consider the problem when 6 is observable. In this
case the contract will be such that: the firm offer (w;, ;) when 6; is observed,
i = H, L. The maximization problem reads:

max  A[m(ey) — wy]+ (1 —A)[m(er) — wi]

(wi,er),(wy,en)

subject to participation constraint

Av(wy —g(ey,0n)) + (1 —A)v(w, —g(eL,0L)) > @
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It is clear that, at the solution, the participation constraint must bind. We can
then solve the maximization problem and obtain that [(w};, ;). (w}, €])]
satisfies:

vi(wiy —glefy,0n)) = v'(w[ —g(e],01))
and
' (e) = ge(ef', 0))

The first condition implies that the marginal utility of income of the manager is
equalized across states. The condition is satisfied if and only if

wiy —g(er 0n) = wi —g(e[.01),

which implies that manager’s utility is the same across state. In other words, the
optimal contract provide fully insurance to the manager.
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The second condition says that optimal level of effort in state 6; is such that
marginal benefit of effort equals its marginal disutility.

What does happen when information is hidden? In this case, if the manager
is offered menu [(w};, €f;), (w], €] )], when he has a high type, he may find it
profitable to tell the firm he is of type 0;.

To understand the optimal contract, we first need to identify the set of possible
contracts that the owner can offer. This set is very large. For example, the owner
can offer a compensation which is a function of the profit of the project and that
leaves the effort choice to the manager. Or, the owner can restrict the set of
efforts that the manager can choose.

Since the set of contract is so large, the problem of optimal contract seems very
difficult to solve. We now show that the problem can be simplify substantially
once we appeal to the revelation principle.

The idea is to consider a revelation mechanism: a contract that asks the
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manager to announce his ability and it associates a wage and an effort to be
chosen for each possible announcement.

The revelation principle says that to find an optimal contract we can restrict on
revelation mechanisms for which the manager always reveals truthfully his
productivity. These are the incentive compatible revelation mechanisms.

Proposition. In search for an optimal contract, the owner can without loss of
generality restrict himself to contracts of the following form:

|. After the state 6 € {0,604} is realized, the manager is required to announce
which state has occurred.

Il. The contract specifies an outcome (w(8), e(9)) for each possible
announcement.

I1l. For every possible realized state, the manager finds it optimal to report
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the state truthfully.

To see this consider the following contract: the wage depends on the realized
profit of the project, w(7r), and the effort is chosen by the manager. Suppose that
given w(7), the effort chosen by the manager is ey if he has ability 0 and ¢, if
he has ability 0, .

We now show that the owner can construct an incentive compatible revelation
mechanism which leads to the same outcome. The contract is the following: if the
manager reports 6, then the contract specifies wage w(7(e;)) and effort e, if

the manager reports 6 then the contract specifies wage w(7t(ey)) and effort eyy.

Clearly, this contract leads to the same outcome induced by the original contract.
We now need to check that it is incentive compatible.

For this it must be the case that when the manager is, say, of low productivity
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he has an incentive to report the owner that he is of low productivity. Note that
under the original contract, a 8; manager could have achieved the outcome
(w(rt(ey)), ey) by choosing effort eyy. However, by assumption, he preferred
outcome (w(7(e)), e.) to (w(m(ey)), en). Hence, under the postulated
revelation mechanism, he will have an incentive to report 6; than 04.

Note that the revelation principle can be used in a variety of contexts. Its
contribution is substantial as it allows to approach the derivation of optimal
mechanisms in a rather simple way.

We now use the revelation principle to solve our problem. We consider the case in
which the manager is infinite risk averse, i.e., the manager accepts the contract

only if it assures his at least his outside option in each state.

By restricting to incentive compatible revelation mechanism, the problem
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of optimal contract is:

max Alr(eq) — wyl + (1 = A)[r(er) — wi]

WH,eHZO,WL,eLZO

subject to participation constraints, i.e.,

wy —g(er,01)
wy — g(eq,0n)

and subject to incentive compatibility

wy —g(eq,0H) >
w, —g(e,0) >

> v (o)
> v (o)
wy —g(e.,0n)

wy —g(en.0p)

Under constraint 1 a low productivity manager prefers (w;, e;) to his
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outside option; under constraint 2 a high productivity manager prefers (wy, ey)
to his outside option.

Under constraint 3 a high productivity worker reveals truthfully, given the specified
contract; under constraint 4 a low productivity worker reveals truthfully, given the

specified contract.

The problem can be solved using standard KT methods. Here we provide a series
of lemmas to derive properties of optimal contract.

Lemma 1. If constraints 1 and 3 hold, then constraint 2 holds. Hence, we can
drop the participation constraint of a high productivity worker.

Indeed
wy — glen, ) > wp —gler, 0y) > wy —g(e,0,) > v ()

where the first inequality is the incentive compatible constraint for the
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high type, the second inequality follows by assumption of g and the third
inequality is the participation constraints for the low productivity manager.

Lemma 2. In the solution to our problem the participation constraint of the low
productivity manager must be binding, i.e., w;, — g(e;,0;) = v 1(@).

Suppose it is not
w, —g(er,0,) > v (D)

Then, the owner can offer the same contract but with a slightly lower wage, i.e.,
w; = w; — € and wy, = wyy —e. We can find e sufficiently small so that the
participation constraint for the low productivity guy still holds, and not that the
incentive constraints are not altered. So, the new contract increases the expected
profit of the owner, a contradiction to the hypothesis that the contract was
optimal.

Lemma In any optimal contract the manager's effort level in state 8;, ¢; is not
more than the level that would arise if 8 were observable, ez. The manager's
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effort level in state 0y, ey, equals the level that would arise if 6 were observable,
ef.
H

The first part follows by noticing that if e, > e/, then the manager can offer the
first best point (w/, e/), without altering the utility of the manager.

The second part uses the fact that e, < e to show that the best contract that
the owner can offer which satisfies constraints has effort equals to e}, followed by

announcement of a high productivity manager.

Lemma In any optimal contract the manager's effort level in state 0, e; is
strictly less than the level that would arise if & were observable, eZ‘.

It can be checked that the optimal level of low effort is such that:

(7 (er] ~ oo, 60)) + 2 g (et 61) — 8 (et 61)]
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Note that the first term is zero at e, = e/ and strictly positive at ¢, < e[,
whereas the second term is always strictly negative.

Heuristically, in order to incentive the high productivity manager to exerts high
effort he has to distort the allocation given to low productivity workers. This is

done by decreasing effort in the low state.

That is, in determining the low effort level the owner weights the marginal loss in
profit in the low state against the marginal gain in the high state.

In particular, the more likelihood is the high state relative to the low state (the
higher is /\/(1 — /\)) the more the owner is willing to distort the low state (the
lower is e, relative to e]).

Summarizing:

Proposition. In the hidden information principal-agent model with infinite risk
averse manager the optimal contract sets the level of effort of high productivity
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manger to the first best level. The effort level of the low productivity manager is
distorted downward relative to the first best. The manager is not fully insured: it
receives higher utility in the high state, and his outside option in the low state. In
expectation the manager gets his outside option. The expected utility of the
owner is lower than under complete information.
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