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e \Why Econometrics

— Econometricsis the set of techniques that brings together economic theory and data.
— Any economist needs to have some familiarity with at least some econometric tools.

— The recent and significant advances in econometrics are left out of most undergraduate
and masters courses.

e Overview of the course
— The course is roughly divided into three parts:
1. Linear models (least squares based);

2. General estimation methods;

3. Non-linear models.
e The main objective isto give an overview of the most relevant econometric techniques.

e Empirical illustrations of most of the methods covered will be provided.



e Reading list
Greene, W.H. (2012) Econometric Analysis (7th edition), Prentice Hall

Cameron, A.C. and PK. Trivedi (2005) Microeconometrics. Methodsand Applications, CUP
Cameron, A.C. and PK. Trivedi (2009) Microeconometrics using Sata, Stata press
Davidson, R. and J. MacKinnon (2004) Econometric Theory and Methods, OUP
Goldberger, A. S. (1991) A Course in Econometrics, Harvard

Lee, M.-j. (2010) Micro-Econometrics 2nd ed, Springer

Wooldridge, J.M. (2010) Econometric Analysis of Cross Section and Panel Data 2nd ed, MIT

e Assessment

— 30 percent Course Work Mark, 70 percent Exam Mark (NO MAX RULE!).
— One-hour mid term exam: 21 November at 5pm.

— Two-hour exam in January.



University week: 2
Regression Equations and Systems of Regression Equations

1. Mean regression and ordinary least squares,
2. Seemingly unrelated regressions;
3. Singular systems.

Reading. Greene: 1-4, 10.1, 10.2, 10.5.



1) Mean regression and ordinary least squares
e Economic theory isinterested in the relation between certain economic variables.

e Typically, economic theory leads to deterministic functions relating the variables of
interest, e.9., Q; = AK°L), Q;=f(P), C;=a+pY,.

e However, in redity, economic variables are random and are not related by deterministic
functions.

e If we want to estimate the unknown parameters of these functions, we need to use data
which are obtained by sampling from the joint distribution of the relevant variables.

¢ \We observe data from the joint distribution
fy.x) = f(ylz) g (z)

e By conditioning on = we can do ceteris paribus analysis because we are able to identify
the effect of any regressor on y, keeping all others fixed.

e Defining (and observing) the set of conditioning variables can be tricky.
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e Regression: The regression of y on x is any characteristic of the conditional distribution
f (y|x) expressed as a function of .

e Examples are:
— Mean regression: E(y|z);

— Quantile regression: Q,, (a|z);
— Mode regression: mode(y|x);
— Skedastic regression: Var(y|x).
e Often, interest is focused on the mean regression because E (y|x) is the function of x that
minimizes

B |(y—h(@)?].

e However, Q, (0.5|z) minimizes E ||y — h (x)|], and other regressions minimize different
loss functions.



e Lete =y — h(x) denote the errors of aregression.
e The properties of £ depend on the specific regression defining h (x).
e For the mean regression, we havees = y — E(Y|x), with
(@ E(e]z) =0
b E()=0
(c) Var (¢|z) = 07,
(d) Cov (g,2) =0
(€) Cov (e,g(x)) =0
e Only the deviations between y and E (y|x) verify (e).

e These properties can be used to define an estimator of 4 (x) using the analogy principle.
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e Let x beascalar random variable and assume that E (y|x) = 5, + 5.
e Properties (b) and (d) imply

E(y—pBy—B1z) =0

Cov (y — By — B1z,x) =0,
which in turn lead to
Elly — By — Biz) x| = 0.

e For asample of sizen, 5 can be estimated (using the analogy principle or the method of
moments), by solving the system

n n

Z (yi — By — 31%) = 0, Z (yi — By — lez) x; = 0.

1=1 1=1
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e This coincides with the least squares estimator, which is defined by

and leads to the first-order conditions

—2 Z (yz — Bo — 81372> = 0, —2 Z (yi — ﬁo — 31%) x; =0
1=1 1=1
which are identical to the ones seen before.

e Using an obvious notation, the estimator can be written in matrix form as
X' (y _ X@) .y
X'y=X'X3

B=(XX)" Xy

12



e | assume that you are familiar with the standard assumptions and properties of the OLS
estimator.

e | also assume that you are familiar with standard inference tools, such as:

— generalized least squares and weighted |east squares;
— robust covariance matrix estimation;

— heteroskedasticity tests (White and Breusch-Pagan);
— serial-correlation tests (Durbin-Godfrey);

— linearity tests (RESET);

e See, for example, Greene' s book for details.

13



2) Seemingly unrelated regressions (SUR)
¢ In many situations we may have multiple dependent variables.

e Capital Asset Pricing Moddl (CAPM):
it — Tft = Oéz'+5@'(7“mt —Tft> + Eit,

where r;, 7, and r,,,; denote the returnsin period ¢ on asset ¢, on arisk-free asset, and
on the market portfolio, respectively.

e Grunfeld-Boot and de Witt investment model:

Ly = B1; + Boi Fit + B3,Cir + €4,

where I;;, F;; and C);; denote grossinvestment by firm ¢ in period ¢, the mar ket value of
the firm at the end of the previous period, and the value of the capital stock of the firm
at the end of the previous period, respectively.

e Note that, for the CAPM, the regressor isthe same for all equations.

14



¢ Joint modelling makes sense because there may by efficiency gains from:

— 1IMpOsing cross-equation restrictions;

— exploring error correlation across equations.
e Joint estimation is also useful if we wish to test cross-equation hypotheses.
e Notice that this setup does not allow for ssmultaneity.

e A standard way of writing the general model in matrix formis:;
yi:Xiﬁi—i_gia izl)"'vMa
with € = [8;1, . ,€Z'T]/, elc.
e Assuming that these are modelsfor E(y;| X1, ..., X)), wehave E(g;| X1, ..., Xy) = 0.

e Notice that OL S equation-by-equation would estimate E'(y;| X;) fori =1,..., M.

e This strict-exogeneity assumption can be relaxed by modelling E'(y;¢| X1y, - - ., Xan).

15



elLete =[e),...,&),] anddefine E(ec’| X1, ..., X ) = Q

e |t IScommon to assume

011[T UlM[T ]
E(SZ’&“;-’Xl,...,XM):O'Z'j]T ()= E E =2 ® I,
_UMllT O'MMIT_

where X = [o;;], which is assumed non-singular.

e OL S estimation equation-by-equation is the same as OL S estimation of the model

Y =X0+¢

whereY = (y1,...,yy)s 8= (B, ..., By) and X isthe block-diagonal matrix:

X —
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e OLS, however, ignores the structure of ().

e Theoptimal estimator isthe GLS, which is given by
B=(X'0'X) " x'Qly.
e Because 1 = (2@ Ir), ' = (8! ® Ir),and 0
Bers=[X' ('@ Ir) X] ' X' (S'e)Y

- 11y 1M v/ 1-1 M 157,
o XIX, ... ocW™MXIXy D107 X1y,

M1~y MM ~71 M Mi -~/

with £ = [0#/] and Var(Bgrg) = (X' X) .

e Notice that the conditions for consistency of GL S are stronger than those for OLS.



e There are two specia situations where GLS isidentical to OLSin the SUR:

—if 0;; = O for al 7 # j; because the equations are actually unrelated;

— all equations have identical explanatory variables (asin the CAPM); because in this case
E(yi| Xq, ..., Xu) = E(yi] Xi).

e More generally we have that:

— The greater the correlation between the disturbances, the greater the gain in efficiency
fromusing GLS.

— The less correlation there is between the X; matrices, the greater the gain in efficiency
from using GLS.

e Under the stated assumptions, if plim (+X/X;) = H;; exists for al i and j, and Hj; is
non-singular for al ¢, then GLSis consistent (large 1" asymptotics).

e Under somewhat stronger conditions GLS will be asymptotically normal.

18



e Except whenitisidentical to OLS, GLSisinfeasible.
e Feasible GLS (FGLS) requires an estimator of >..

e A two-step algorithm can be used:

(a) Obtain the vectors of OL S residuals for equation ¢ (equation-by-equation) and then
estimate Tij by Sij = e;ej/T;

(b) Setting & = [s;;], obtain By = {X' (i—l ? 1T> X} Ty (i—l ® JT) Y, with
Var @ms) - [X’ (i—l ? ]T) X} -

e Under standard regularity conditions, equation-by-equation OL S is consistent and hence )y
IS consistent for -, which leadsto 3 ;¢ being consistent.

e Furthermore, FGLSis asymptotically equivalent to GL S (and iterating FGL S generates the
ML estimator under normality).

19



e Restrictions on the regression coefficients, including cross-equation restrictions, can be
tested using Wald statistics.

e Theq restrictions H, : R3, = r can be tested using
—~ / o~ /o~ —1 —~ a
W = (RBFGLS — 7’) {R {\/ar (BFGLS)] R/} (RBFGLS - 7“) ~ X%q)

e As usual, the validity of the Wald test depends on homoskedasticity and on absence of
serial correlation:

— Serial correlation should be dealt with by using the appropriate dynamic specification;

— Heteroskedasticity robust covariance matrices can be used.
e LM and LR tests can also be used but assume joint normality of ¢.

e Asaways, measures of goodness-of-fit are of little use.

20



3) Singular systems

e S0 far we have assumed that X is non-singular.
e However, in anumber of situations, we may have that X is singular.

e Consider, for example, the Almost Ideal Demand System of Deaton and Muellbauer (1980)

M
j=1

where w; is the budget share associated with the ¢-th good, p; isthe price on the j-th good,
X Isthetotal expenditure and P isaprice index.

e Noticethat > w; = 1 whichimplies

M M M M
Yoai=1 Y ;=) =0 ad Y &=0.
1=1 1=1 1=1 1=1
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e Thismeansthat only M — 1 error terms are independent and therefore > hasrank M — 1.

e Inthiscase X! does not exist and GL'S cannot be implemented as outline above.

e One possible solution (advocated by Judge, Griffiths, Hill, Litkepohl and Lee, 1985) isto
use X in place of 1.

e Alternatively, we can drop one equation and estimate its parameters from the aggregation
restrictions.

— If FGLS s used, finite sample results depend on which eguation is dropped.

— With iterated FGL S (ML) the results are invariant to the choice of equation to drop.

22



University week: 3
Pandl Data

1. Nature of panel data and the basic model;
2. Pooled regression;

3. Random effects,

4. Fixed effects;

5. Hausman tedt;

6. Dynamic models.

Reading: Greene: 11.1-11.6, 11.8.
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1) Nature of panel data and the basic moded

e In pandl data(also called longitudinal data) we follow agroup of individual units over time.

e These units can be micro-level entities such as households, workers and firms, or
macro-level entities such as cities, regions or countries.

e Typically, in micro panel data, we have avery large number of unitsrelative to the number
of time periods per unit; whereas in macro panel data we have fewer units and more time
periods.

e In general, we have n units each of whom we follow for T; consecutive time periods (for
unit: =1,...,n).

e Here we will focus on the case where 7; issmall and n islarge.

e That is, we will be concerned with the large sample properties of the estimatorswhen 7 is
fixedand n — oo.

24



e Another restriction is that we will consider only balanced panels in which 7; is the same
for al ¢, and there are no missing observations.

e Unbalanced panels can be dealt with much in the same way, but we have to take into
account that attrition may bias the sample.

e Panel data have major benefits over cross-section and time-series data:

— dllows the eimination of certain forms of omitted variable bias;

— dllows the study of dynamics at amicro level.

e For example we can use panel data to distinguish between the effects of unmeasured
differences in the propensity to participate in the labour force from the effects of transi-
tion into and out of the labour force.

e However, because we have atime dimension, we need to worry about problems not present
In cross-sections, like the time-series properties of the data.

25



e The general form of panel data model we shall consider is

where

yir =B+ 2o +ey, i=1,...,n, t=1,...,T, (1)

observable dependent variable
k x 1 vector of observable regressors (without an intercept)

k x 1 vector of unobservable parameters
individual effect

h x 1 vector with individual specific variables:
observable (e.g. gender, location) or unobservable (e.g. tastes)

h x 1 vector of unobservable parameters

scalar random disturbance with properties to be defined below
number of cross-sectional units (e.g., individuals)

number of time periods (e.g., years)

26



e For the model to have meaning, we need to specify the properties of the error term.

e \We start be assuming strict exogeneity and interpret our model as
E(yielzi, ..., zir, z0) = 3B+ 20 =y = 2B+ 20 + €

where Eit satisfies E(git|$z’17 Lioy o, Zz) — (), and we assume E(é?t\mﬂ, Tioy .., Zz) = 0'2
and E(gz'téfjs‘il]ﬂ, Tioy ... 721') =0if 7é ] and/or t 7& S.

e Notice that this is stronger that contemporaneous exogeneity, which would imply only
E(eit|zir, zi) = 0.

e That is, at this stage, we are ruling out dynamic models and models where ¢;, affects x;;,
witht > s; that is, we rule out feed-back from v, to future observations of the regressors.

e Although not explicitly considered, it is generally wise to include time-dummiesin x;;.

e Also, from now on, weincludein x;; the observable components of z;.

27



2) Pooled regression

e How to estimate the model depends on what is assumed about whether or not (the unob-
servable part of) z; is correlated with x;;.

e The simplest possible estimator assumesthat z; isuncorrelated with x;;.
e Under this assumption we can use Pooled OL S
yit = T3 + Blz¢] + {29 — E[20]} + e
Yit = TS+ + u; + €5
where o = E|zi¢| isfixed, and u; = {z¢ — E|z/¢]} isuncorrelated with z;; and €.
— OL S estimation of y;; on x;; and a constant is unbiased and consistent for 5 and «.

— Also, this estimator has the advantage of requiring only contemporaneous exogeneity.

— However, the estimator is not efficient because is does not account for the seria
correlation in the composite errors 7, = u; + €.
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e Theseria correlation also needsto be accounted for when estimating the covariance matrix
of the estimated parameters.

e From now on, let 6 denote the vector of estimated parameters, including the constant.
e Also, let X denote the data matrix, also including the constant.

e An estimator that is robust to heteroskedasticity and seria correlation for n/T — oo is
given by (Arellano, 1987)

—1
Var(3 <ZXX) (Zx’fmg ) (ZXX)
wheren), = y; — XiB IS the vector of OLS residualsfor group .

e This is analogous to White's heteroskedasticity robust estimator, but it also accounts for
arbitrary within cluster correlation.

e Recall that consistency of this estimator requiresn /T — oc.
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e We can test for the absence of unobserved heterogeneity by testing H : 02 = 0.

e Breusch and Pagan (1980) obtained an LM test for this hypothesis under the assumption of

normality.

e Recalling that 7),, is the residual from the OLS estimation with the pooled data, the test

stetistic is

I — ok

_Z?zl [Zle f?zt] :

(T — 1)

T
Z?zl thl n?t

e Thisisessentially atest for serial correlation.

e Anadlternative statistic that does not need the normality assumption is presented in Wooldridge

(2002, p. 265).

e Serial correlation can also be tested by testing the significance of the added variable 1), ;.

e Anyway, these tests are not so relevant because we expect to reject the null in most cases.
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3) Random effects
e Asbhefore, we are interested in the model

Yir = TS+ a + gy,

MNit = Wi + Eit.

e The efficient estimator in this “error components model” isthe GLS. Assuming

E [n?th} =0l +o,

K [77¢t77¢s|X] =0,

U

t # s

D [nitnjs‘X] =0, 1#£]

for the T’ observations of unit : we have

(T'xT)

=k {77@'77;‘)(} =

2 2 2
P —i_o-u Ou

2 2
o o

| u

2 2
o, O.+o, ...

9 9. .
= UgIT + 0,7,
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e Thanks to the independence between groups : and j, the covariance matrix for n isthe n'T’
block-diagonal matrix

20 ... 0

O -1 ® % — 0> ... 0
(nTxnT) (nxn)  (I'xT)

00 .. %]

e Then, the Random Effects (GLS) estimator isjust
Bre = (X'Q7'X) T X0y,

where, as before, 5 denotes the vector of estimated parameters, including the constant, and
X denotes the data matrix, also including the constant.
e Itisinteresting to notice that 2! = Q20 2, withQ 2 =1, ® ¥ 2 and

O¢

B \/angTa%

DO [—

-

1 0. . .
:;[IT—?TZT], with: 6 =1
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e Therefore, the GL S estimator is equivalent to OL S of the transformed regressand Z—%yz- on
the transformed regressors Y2 X;, where

i a;1 — (QC_LZ' |

L | app — Oa;

a; 7 — QC_LZ'

where we use the group meansa,; = 17! ZtT:l Ut
e Notice that this has as special case the pooled OLSfor § = 0, which happensif o2 = 0.
e Another special case will be studied subsequently.
e Thisexpression isalso interesting because shows clearly why GLS needsstrict exogeneity.

e From the regression of f]_%yz- on 272 X;, standard (robust) inference can be performed.
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e Since o2 and o are unknown, GLSis not feasible.

e We need to consistently estimate o2 and o to be able to perform FGLS.

e There are anumber of ways to estimate o and .

e From the pooled regression we have plim s%,,., = 02 + 02.

e \We can get further information from the so-called Between-Groups estimator.

e The BG estimator isjust OLS on
gi = f;ﬁ -+ (’LLZ' + <§¢> .
e From here we can get s%,, with plim 5%, = 02 /T + 2.

e We can now solve the two equations for 62 and &~

e Iterated FGLS, with appropriate estimators of o and o2, is ML under normality.




4) Fixed effects
e S0 far, we have assumed that z; isuncorrelated with ;. We will now relax this assumption.

e Recall that the basic moddl is
Vit = X B+ 250 + ey = 15,0 + o + €.

e Jandq;,7 = 1,...,n can be estimated directly, including adummy for each group.

e A major drawback of this approach is that it does not permit the identification of the
parameters associated with time-invariant observable regressors.

e Moreover, this leads to the so-called incidental parameters problem because the number
of parameters to be estimated increases with the sample size.

e Consistency requires’’ — oo, but 5 can be consistently estimated just with n — oc.

e Indeed, in the particular case of linear models, we can eliminate the individual effects from
the model using a simple transformation.

e Similar transformations are available for some non-linear models, but these are very specid
Cases.
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e Using the same notation as before, write y; = 7.5 + «; + &;.
e Then, amodel using the deviations from means eliminates «; (and the intercept):
(yir — Ui) = (e — Z;)' B + (e — &)
e The Fixed Effects (ak.a. LSDV, or within-groups) estimator of 3 isjust OLSof (y;; — ;)
on (z; — T;).

e To perform inference, we should remember that the errors of the model are likely to be
heteroskedastic and that they may also have some serial correlation.

e Again, asymptotically valid inference can be based on the results of Arellano (1987):

n

Var(Bpg) = (X'X)7 (Z X{éiéiX¢> (X'X)"

1=1

where X denotes the data in group means deviation form and é; = §; — Xzﬁ rp aethe FE
residuals for group <.
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e The FE estimator isinefficient because it ignores the between-groups variation.
e The FE estimator isalso a special case of GLSwhen 6 = 1.

e Therefore, the FE estimator also depends on the strict exogeneity assumption (which can
betested).

e The hypothesis that all the «;s are equal (absence of unobserved heterogeneity) can be
tested using the standard F' test

Fin—1,nT—n—k)= [nT—n—k] RSSpors — RSSFE

RSSrp

n—1

e Orme and Yamagata (2006) show that thistest is closely related to the Breusch and Pagan
test for random-effects, and that it is robust to non-normality.

e However, the validity of the test depends on the assumption of homoskedasticity.

e Heteroskedasticity robust versions of the test are cumbersome.
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5) Hausman test

o If z; Isuncorrelated with x;;, the RE estimator is consistent and efficient, while the FE
estimator is consistent but inefficient.

o If z; Iscorrelated with z;;, the RE estimator is inconsistent but the FE estimator is still
consi stent.

e Under the maintained assumption of strict exogeneity, required both by the RE and FE
estimators, these results can be used to test whether or not z; is correlated with z ;.

e Thetest can be performed using an approach popularized by Hausman (1978).

e The test checks whether the difference (BFE _ BRE) is significantly different from zero.

e To proceed, we need aconsistent estimate of the asymptotic covariance matrix of (5 rp — 6 n E) :

e The Hausman test uses the following key result:

The covariance of an efficient estimator with its difference from an inefficient
estimator is zero.
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e Under the null that z; isuncorrelated with x;;, thisimplies that
Cov {BRE) (BRE — BFE)} = Var (BRE) — Cov (BRE» BFE) =0,

and hence

Cov (BREa BFE) = Var (BRE) -

e Therefore

Var (BRE — BFE) = Var (BFE) — Var (BRE) :
e Thisleadsto the statistic
= (BRE — BFE)/ {\78} (BFE) — Var (BRE)} - (BRE BFE) ~ X (k)

e Thetest can be made robust to heteroskedasticity and serial-correlation (Wooldridge, 2002,
pp. 290-291).
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e \We have seen that the RE estimator can be obtained by regressing 1,; on &;;, where g,
denotes the quasi-differenced variables a,;; — 6a;.

e The Hausman test isequivalent to atest for H, : £ = 0 in the regression
Uit = Tl + Zuk + Cy
where Tit = Tjt — Tj.

e To make the test robust to heteroskedasticity and serial-correlation just use a "clustered"
estimator of the covariance matrix.

e Because of the strict-exogeneity assumption, rejection of the null does not imply that the
FE estimator isvalid. Indeed, the test may reject just because the strict exogeneity assump-
tionisinvalid.

e This can be tested by estimating by FE a model including leads of the regressors (see
Wooldridge, 2002, p. 285).

e Nobody doesthis, but it is quite important to consider the result of the strict exogeneity test
when interpreting the outcome of the Hausman test.
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6) Dynamic models

e One of the main benefits of panel data is that we can use it to model dynamics, while
allowing for individual heterogeneity.

e Thisrequiresthat we use adynamic panel data mode.

e The simplest dynamic modd isthe first-order auto-regression

Yit = Vi1 + T+ i+ en = wid 4+ ;i + g

e None of the standard estimators is consistent with n — oo:

— Both Pooled OL S and RE are inconsistent because v;;_; is correlated with o;;
— BG isinconsistent because w; is correlated with «; and with &;;

— In the FE, we regress (y;; — 7;) on (w;; — w;) but (w; — w;) is correlated with (e;; — &;)
because of theinclusion of ;1 In w;;

— However, FE isconsistent with T’ — oo.
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e A simple consistent |1V approach is as follows.

e First-differencing eliminates the individual time-invariant effects and gives

Vit — Yite1 = Y(Yir—1 — Yir—2) + (i — xi-1)' B+ (€it — €i-1)-

e OLSfailsherebecause (y;;—1 — yir_2) iscorrdated with (e;; — €;;_1).

e |V using suitably lagged levels (y;;_o) or differences (y;;—2 — vir—3) as instruments for
(yir—1 — yir—2) iS consistent (Anderson and Hsiao, 1982).

e There is a potential weak-instruments problem here, especially with lagged differences
being used as instruments.

e Also, validity of the estimator depends on ¢;; having no serial-correlation.

e Stataprovidesaserial-correlation test for (¢;; — e;41): we expect to find first order, but not
higher-order serial-correlation.

42



e Efficiency can be improved by using more identifying information in a GMM procedure.

e The popular Arellano-Bond (1991) estimator uses GMM with all possible lags.

e One should be careful not to use too many instruments because this can affect the perfor-
mance of the estimator in finite samples.

e There are a number of alternative GMM estimators for dynamic panel data models (Ahn
and Schmidt, 1995, Blundell and Bond, 1998), but we will not discuss them here.

e All these estimators can be generalized to include other endogenous regressors.
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University week: 4
Simultaneous-Equations M odels

1. Fundamental i1ssues in simultaneous-equations models;
2. Limited information methods,

3. System estimation methods,

4. Specification tests;

5. Weak Instruments.

Reading. Greene: 8.1-8.4, 8.7, 10.6.



1) Fundamental issues in ssimultaneous-equations models

e Simultaneous-equations models are one of the main contributions of econometrics to the
general statistics literature.

e Simultaneous-equations model s are important in economics because economic theory often
deals with systems of equations (e.g., supply and demand determine price and quantity).

e Consider an example with two behaviour al equations and one equilibrium condition:
it = QP + Qo + Eq ¢
qst = B1Dt + Esy
ddt = 4st — 4t

e Notice that economic theory is mute about the properties of the error terms.

e Even if we are interested in one equation (e.g., demand), it is important to account for the
Interactions between the variables.
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e It ishelpful to introduce some terminology:

— The equations derived from economic theory and describing any particular feature of the
economy are called structural equations;

— Variables determined within the system are the endogenous variables (¢; and p;);
— Variables determined outside the system of are the exogenous variables (z;);

— Lagged values of the endogenous variables are termed predeter mined variables,
— If we assume E(&;|z;) = 0, we have contempor aneous exogeneity;

—If weassume E(e;|x; . xr) = 0, we have strict exogeneity;

.....

— The system is complete if the numbers of equations and endogenous variables are equal.
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e Suppose that we want to estimate the supply equation and write the system as

qt = QP + Q2T + E4¢ (D)

1 1
Pt = 54t — 5 Cst (S)
1 1

¢ \We have normalized to 1 the coefficient of p; in (S).

e Estimation of (S) by OLSisinconsistent due to two sources of endogeneity.

— Simultaneity — For a; # 0, ¢; isafunction of p, and therefore it is correlated with €, 4;

— Correlation —If ¢4, and ¢, ; are correlated, ¢; is correlated with e, ; even if a; = 0.

e The fact that the structural equations cannot be estimated by OL S shows that they are not
conditional expectations.

e Notice that the presence of ssmultaneity does not imply that the equation is structural.
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e Writing the endogenous variables as functions of the exogenous and predetermined
variables leads to the reduced form of the model

&%) Edt — Est

Pt = Tt + = M1Tt + UV
By — a1 b1 —aq
a9 Edt — 1€
o = 54 Z, + Breay st Tols -+ Uy
By — By —

e Under standard assumptions, x is uncorrelated with the error terms and the reduced form
can be interpreted as a system of conditional expectations.

e Noticethat the structural formimposesrestrictions on the parameters of the reduced form.

e In this particular example, it is clear that the structural form parameters (a;,a,3,) cannot
be obtained from 7; and 7.

e Thisisthe so-called identification problem: How to match the parameters of the economic
model with parameters of a conditional distribution that can be consistently estimated?

e More on the identification problem later...
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e Consider now a genera linear system of equations with M equations, M endogenous
variables and £ exogenous variables (including the intercept).

e The structural form for one observation in period ¢ is

vl + 2y B = &, t=1,...,T,

WhereytZ[yﬂ,-.-,th]', $t=[ﬂft1,--->$tk]', 5t:[5t17---7€tM]/, and
_711 71M_ _511 51M_
F: E L E , B: . ", E
| Tm1 o- TMM _5k1 /3kM_

o Assumethat I'"! exists, that F(e;|z;) = 0, E(gse}|z) = X and E (g€, |2y, x5) = 0, VE # s.

e Hence, the reduced formis
yl= —e, Bl '+ el V=2l 40, t=1,...,T,
with E(v;|2:) = 0, E(vl|a,) = Q= (I71) S0 and E(vel|ay, 24) = 0, Vt £ s.
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e S0 far we have arranged the data observation-by-observation.

e \We can aso stack all the datainto a matrix structural form equation

YI'+ XB=U

where Y = [yl, e ,yT]/, X = [331, . ,ZCT]/ and U = [51, . ,5T]/, which has the
corresponding matrix reduced form

Y =XII+V

e Alternatively, we can arrange the data equation-by-equation

y(j):Xﬂ'(j)—i—’U(j), jZl,...,M,
where y;y = [y, ..., yr;|" is the j-th column of Y, 7 ;) is the j-th column of II, and
v(j) = V1), - - -, vrj| isthe j-th column of V.
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e This gives a SUR-type arrangement with the same regressors in every equation.

e Hence, if there are no cross-eguation restrictions on 11 (or €2), then GL S estimation of the
reduced formisthe sameas OLS.

e However, in the absence of restrictionson (I, B, ¥) the structural form isunidentified.

e To see this, it is enough to notice that 1T has £ x M parameters, whereas I' and B have
M x M + k x M parameters (> and €2 are both M x M).

e Alternatively, notice that for any non-singular (M x M) matrix F' we have that
y,I'F + 2, BF = ¢, F leads to the reduced form

yI'F = —2/BF +¢/F
yIF(F'T™") = —z)BF (F ' T ) +&F (F'T)
y, = —a Bl &0t
e Hence, y;I'F + 2, BF' = ¢ F isobservationally equivalent to y;I" + 2.B = €.
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e Theidentification problem has an interesting graphical illustration due to Working (1926).
e Suppose that observations of the pair (y, x) are collected.

e Without further information, it is not possible to know which structure originated the
observed data.

e For usto be able to identify one equation, we must obtain observations when that equation
IS fixed and the other is moved by some exogenous reason, asin (2).

1) (2) (3)
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e This graphical analysis suggests that for an equation to be identified it must not depend
on all exogenous variables so that changes in the excluded variables displace the other
eguations, without affecting the equation of interest.

e These exclusion restrictionson the structural form are the most common way of obtaining
Identification.

e Asthegraphical illustration shows, it ispossiblethat some equations areidentified, whereas
the others are not.

e Therefore, the identification of a system has to be performed equation-by-equation.

e Given that a structural equation cannot be estimated by OLS due to the endogeneity of
some variables, identification of the parameters of interest (the ability to estimate them
consistently) depends on the existence of enough instruments for the endogenous
variables in the equation.
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e It isnow time to have a second ook at our supply-and-demand example. Recall that

Gt = Q1P + Qo + Eq ¢ Gt = ToXt + V2 (D)
Pt = V14t — V1Esit Dt = T1X + Vi S

e It isclear that the supply equation can be estimated by IV, using x; as an instrument for ;.

e However, the parameters of the demand equation cannot be identified because there is no
valid instrument for p, in that equation.

e In the case of an equation identified by a normalization restriction and a collection of
exclusion restrictions, the necessary order condition for identification of that equation
IS that:

“The number of exogenous variables excluded from the equation isgreater than, or
equal to, the number of endogenous explanatory variables included in that
equation.”



e A sufficient condition for identification istherank condition.

e Normalize the j-th structural equation by setting v, = 1 and rewrite it as
o) = 2600 e = Yoyrg) + XeBy) +Ew)-

where Y| Is the matrix consisting of the non-excluded and non-normalized endogenous
variables, and X ;) contains the non-excluded exogenous variables in the j-th equation.

e The reduced form that generates Y, Is
Yo) = Xopth + Xplla + V).
where X Is the matrix of non-excluded exogenous variables and X _;) Is the matrix of

excluded exogenous variables in the j-th equation.

e The order condition requires the number of columns of II, to be at least equal to the
number of included endogenous variables.

e Therank condition states that if 11, has rank equal to the number of included endogenous
variables, then the equation isidentified.
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e EXxplicit verification of the rank condition impractical.

e Noticethat what isrelevant isthat the rank condition holds asymptotically.

e Note aso that thisrank condition isnot a necessary condition for identification.

e Besides the normalization and exclusion restrictions, identification can be achieved by
Imposing other (potentially cross-equation) linear restrictions and restrictions on the
covariance matrix of the disturbances.

e In short, what is required for identification is that the number of valid and relevant
Instruments that are available and are linearly independent (including those used as
explanatory variables) is at least equal to the total number of explanatory variables in
the equation.

e If theequality holds, theequationissaidto by just-identified; otherwiseit isover-identified.

e More on the validity and relevance of the instruments |ater.
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2) Limited infor mation methods

e The estimation of the system can be performed equation-by-equation (limited infor mation
methods) or using system (full-infor mation) methods.

e In generda, full information methods may be mor e efficient but can be less robust.
e Asnoted before, OL S generally suffers from “simultaneity bias’.
e However, there are Situations where it is consistent.

e Consider the following triangular system (which does not satisfy the rank condition)
y1 = o' + e
Y2 = By + Y1 + €2

e Thefirst equation can be consistently estimated by OL S under very mild conditions.
e If X isdiagonal, both equations can be consistently estimated by OLS.

e A triangular system with adiagonal covariance matrix is called arecursive system.
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e OLS can also obvioudly be used to estimate the reduced form, giving ﬁo LS
e Under strict exogeneity, ﬁOLS IS unbiased for II.

o If we assume that 7! X’X converges to a finite non-singular matrix A, then ﬁOLS IS
consistent under just contempor aneous exogeneity.

e Finaly, if an appropriate central limit theorem is assumed to hold

T2 vec(Tlors — ) 5 N(0,S @ A,

N.B.: vec(M) is the column vector obtained by stacking the columns of the matrix M.

e INn genera, estimation of the structural parametersrequires the use of 1V methods.
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o Let W) beaT x (M;+k;) matrix of instruments and write the j-th structural equation as
vo) = Yorm + XeoPu) +En
Y = 2)0G) tEu)

where it is assumed that

1
T

1

I
plim 7

Z(’j)E(j) 74 0 plim W(/j)E(j) =0

1 1

and >y and Xy are finite and Xy 1S Non-singular.

e Essentially, IW;) needs to satisfy the following conditions: Validity — it is (conditionally)
uncorrelated with €(;); Relevance — it Is (conditionally) correlated with Z;); Order
condition —Iit has at |east the dimension of Z ;).
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A A

e Thetwo-stageleast squares (2SLS) isthe |V estimator when Wiy = Z(;) = | Y;) X;) ]
where Y(]-) denotes the fitted values of Y| ;) obtained from the reduced form (first stage).

AN

. ~1 L.\
0(j)25L8 = (W(/j)Z(j)> Wiy = (ij)Z@)) 2540
e Dueto the estimation of II, 2SL.Sis biased in finite samples.

e To see this, notice that the reduced form decomposes Y|;) into a part that is necessarily
exogenous (X 11), and another which is potentially endogenous (V).

e Naturaly, in finite samples, XTI is not identical to XTI and therefore is not exogenous,
leading to bias (more on thislater).

e However, under our assumptions, 0 ()25 IS consistent for identified equations.

e Under standard assumptions on the error terms (including homoskedasticity),

N d _
T'2(6()2s0s — 0¢) = N(0, 05,5 0).
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e 0 ;; can be consistently estimated by (not from the residuals of the 2nd stage regression )
G5 =Ty — Zydiases) Wy — 250 2sLs)-

e Under the additional assumption that the error-terms have anormal distribution, the limited
Information maximum likelihood estimator (L1 ML) can be used.

e LIML is efficient among the limited information estimators.

e However, LIML isasymptotically equivalent to 2SLS.

e Therefore, under normality, 2SLSisfully efficient.

e The main advantage of LIML isitsinvariance to reparameterization.

e It also tends to outperform 2SL S in cases where sample sizes are small and the number of
overidentifying restrictions is large (more on this | ater).

e Finally, an important difference between LIML and 2SLS is that the finite sample
distribution of LIML has no finite moments (but is median unbiased), where the
finite sample distribution of 2SL S may have some finite moments.
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3) System estimation methods

e Equation-by-equation isin genera inefficient, unless the structural form isjust identified.
e Three-Stage Least Squares (3SL S) is an efficient structural form estimator.

e Here we write the system as

ya) Z(1y - 0 01 £)
= P 0 + ,
Yoyl L0 Zony | Lom ] LEan

i.e,asy = Z0 +e,where E(c|X) =0, E(ee'| X) = (X ® I7).
e OLSregression of y on Z isinconsistent.
e |V regression of y on Z using instruments 1 is away to obtain consistent estimates.

¢ 2SLSusesW = W = diag{Z(j)}.
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e 3SLS combines |V with GLS, leading to

—

A — s _1 — s
Sas1s = [W’(Z‘l ® JT)W] W E e Ir)y.

e Theresult is consistent and asymptotically efficient under standard assumptions.
e Likethe SUR, 3SLS can beiterated, but this does not lead to a ML estimator.

e The drawback of the 3SLS, as compared to the 2SLS, is that if any of the equations is
misspecified, 3SLS thiswill typically invalidate all the coefficient estimates, whereas 2SL.S
will only invalidate the coefficient estimates in the misspecified equation.

e Again, if we assume jointly normality of the errors, we can use maximum likelihood.

e Full Information Maximum Likelihood (FIML) usesall the identifying information for the
system.

e Under normality, FIML is asymptotically equivalent to 3SLS, but it is not robust to non-
normality.
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4) Specification testing

e Researchers are often interested in testing possible over-identifying restrictions (believing
to be checking the validity of the instruments).

e Atthesystemleve, thiscan be done by estimating the unrestricted reduced form and testing
the reduced form restrictions implied by the identification of the system.

e At the single equation level, over-identifying restrictions can be tested using Sargan’s test.
e Under homoskedasticity, Sargan’s (1964) test is performed by comparing the test statistic

e X (X' X)) X8

E0EG) |
where &,y are the 25L.S or LIML residuals for equation j, with critical values from a
X%k— ki M) distribution (d.f. equal to number of overidentifying restrictions).

S=T

e Noticethat S = T'R?, where R* isthe the uncentered R* in the regression of £(;) on X..
e Thetest can be made robust to heter oskedasticity (Wooldridge, p. 123).

e Theimportance of thistest is often over-stated...



5) Weak I nstruments
e One problem which can arise in practical settingsis that of having weak instruments.

e Suppose we estimate the equation y ;) = Z(;)0(;) + €(;) using the following IV estimator

: -1 1 1
S = (WiZw) Wi =) + (fW(/j)Z(j)> dGEnE

e The weak instrument problem arises when T—1W(’j)Z(j) Isnot “large” enough:
— estimators have non-normal distributions and standard inference isinvaid;

— finite sample correlation between 1V ;) and ;) is amplified, leading to significant bias.

e In the case of the 2SL S estimator, it can be shown that the bias varies inversely with the
F-statistic for H : 11y = 0 inthefirst stage (relevant instruments).

e As the instruments become weak, the F-statistic becomes smaller and 2SL S approaches
the OLS.

e Asarule-of-thumb, when there is only one endogenous regressor, this F-statistic should
be at least equal to 10.
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e Notice aso that the bias increases with the number of instruments.

e To seethis, recall that the F-statistic can be written as

p_ [Tk B - R
lk—Fkj] 1-R2

where R? and R? are the R-squares for the unrestricted and restricted first-stage models,
T" isthe number of observations, k isthe number columnsin II, and £ — £; is the number
columnsin IIs.

e Adding weak instruments will have little impact on 22 but will increase k, thereby tending
to reduce the value of the statistic.

e In general, attention should be paid to the first stage regression, which should produce
“reasonable’ results.

e Itisagood ideato look at the results for a just-identified case because in that case 2SLSis
median-unbiased.
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University week: 5
Cointegrated Processes

1. Introduction;

2. Nonstationary processes and unit roots;
3. Cointegration;

4. Determining cointegrating rank;

5. Estimation;

Recommended reading: Greene: 20.4, 22.1-22.5.
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1) Introduction

e Estimation of econometric models using time-series raises a set of (difficult) problems.
e A first issue we have to deal with is the nature of randomness in this context.

e With cross-sectional or panel data, it is clear that different samples from the same
population will lead to different results and it is clear that functions of the sample, like
the sample mean, are random variables.

e Time series are also random variables: we do not know next year's GDP.

e However, we cannot obtain different samplesfor GDP over the last 10 years.

e What we observe isjust one realization of a sequence of random variables indexed by time.
e A sequence of random variables indexed by timeis called a stochastic process.

e The population of interest isthe set of all possible realizations of a stochastic process.

68



e There are two additional sources of problems:

(@) The natural ordering of the data: Because each observation comes from a different

period, there is no guarantee that they all have the same distribution, i.e., that the data
may not be stationary.

(b) The sampling protocol that hasto be used: Because the past influences the future, in
generd it is not possible to assume that the sampled observations are independent.

e The sampling method that is used also implies that time series data have other important
characteristics. frequency and span are as important as the sample size.

e Properties of the estimators and the estimation strategy to adopt depend on the statistical
properties of the time-series (stationarity and independence).

e Therefore, it is important to study the characteristics of the available data before starting
the econometric modelling.
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Definition: A stochastic process {y; :t=1,2,...} is (strongly) stationary if, for

any set of time indexes1 < t; < ty... < t, and for any integer h > 1, the
joint distribution of (y;,, ...y: )isequa to thejoint distribution of (v:, 14, .-yt 1)

e Often (strong) stationarity is not required for valid inference and it is enough to assume
weak or covariance stationarity.

Definition: A stochastic process{y; : t = 1,2, ...} iscovariance stationary if

1. E (y;) is constant;
2. Var (y;) positive, finite and constant;
3. Cov (y+, y++1,) dependsonly on h, forany ¢t and h > 1.

e If astochastic processis (strongly) stationary and has finite second moments, then it must
be covariance stationary. The converse is not true.

e Covariance stationarity is critical for the asymptotic properties of OL S (and other standard
estimators) because it allows us to treat a realization of a stochastic process as a sample
from the same distribution.
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e Covariance stationarity is not enough to ensure meaningful estimation.

e Some form of weak dependenceis also needed for aLaw of Large Numbers and a Central
Limit Theorem to be applied.

e In particular, we will assume ergodicity.
Definition: A stochastic process {y; :t =1,2,...} is said to be ergodic if, for any two

bounded functions f : R* — Rand g : R — R,

lim ‘E [f (ytw R ytk) g (yt1+T7 s ytg—}—T)” — |E [f (ytw IO ytk)” |E [g (yt1+T7 R ytﬁ—T)”

T—o0

e Heuristically, thisimpliesthat random variables sufficiently far apart in time will be almost
Independently distributed.

Ergodictheorem: Let {y;:t=1,2,...} be a sationary and ergodic process with

Ey] = p. Then,asT — oo,
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2) Nonstationary processes and unit roots

e If thetime-series are stationary and ergodic, inference can be carried out much in the same
way as when cross-sectional datais used.

e However, many time series are clearly non-stationary.

e Animportant example of a non-stationary processis the random-walk with drift
Yt = Ut Y1+ &

where ¢; isawhite noise (or at |east a zero-mean stationary ergodic process).
e By recursive substitution, we can see that the processis not stationary:

t—1

Yr = Yo +tu + Z&“t—i
i—0

e Trend-stationary models are aso non-stationary:

Y = [+ Bt + &

72



e Inference using non-stationary or non-ergodic series is problematic because the standard
asymptotic results do not hold.

e For example, if two independent random-walks {x;} and {y, } are generated, regressing 1;
on x; leads to intriguing results:

— Granger and Newbold (1974) showed that a ¢-test for the significance of the parameter
associated with x; often leads to the rgjection of the null.

— For example, for T' = 50 the rejection frequency for atwo-sided test at 5% is 66.2%.
— With T" = 250, the rgjection frequency goes up to 84.7%.

— The R? convergesto arandom variable, being often very high.

e These spurious regressions arise because, under the null, the model does not satisfy the
usual assumptions.

e Regressions using non-stationary variables are only interesting in a particular case to be
studied later.
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e A modd with adeterministic trend is conditionally ergodic and stationary.

e Thefirst difference of the random-walk is ergodic and stationary.

Yt — Yp—1 = b+ E¢

e A process y; such that

(1= L)'y =p+1(L)e

isstationary and ¢/ (1) # 0 (no unit-roots) issaid to beintegrated toorder d : y; ~ I (d).

e The I (1) case is especialy interesting. If a processis [ (1), it is said to be difference-
stationary or to be a unit-root process.

e The identification of integrated processes Is very important from both the economic and
econometric view points.
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e Congsder first the ssmple AR(1) model
Yt = VYi—1 T &t

e For |v| < 1, ¢, theleast squares estimator of ~ is downward biased, but is consistent.

e For v = 1, Dickey and Fuller have shown that

where v is arandom variable with finite but positive variance (notice the unusual rate of
convergence).

e Therefore, tests for the presence of unit-roots cannot be performed using standard tools.

e A standard ¢-ratio can be used, but is has to be referred to a non-standard (Dickey-Fuller)
distribution.

e Testing the null of a unit-root in this case is not particularly interesting because it imposes
a zer o mean under the alternative.
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e Consider now the following AR(1) model with an inter cept
Yt = o+ pYr—1 + &
Ayp=a+0y1+&

with P — 1=60and E<€t|yt—17 Yt—2, . . ) = (.

e Thetest of the null that the process has a unit-root is performed by comparing

with the appropriate critical values

1% 5% | 10%
—3.43| —2.86 | —2.57

e Notethat thisisaone-sided left-tailed test so that one rejects the null of stationarity if the
test statistic is smaller (more negative) than the relevant critical value.
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e If the data shows aclear trend, thistest is inappropriate.

e In that case, the test can be based on the model
Y=o+ pyi—1 +yt+ &

Ay =a+ 0y +yt+ &

e Thetest of the null that the process has a unit-root is performed by comparing

with the appropriate critical values

1% 5% | 10%
—3.96| —-3.41| —2.12

e In both with and without the trend, it is assumed that F(s¢|y: 1, yr—2,...) = 0.



e If the auxiliary regression has serial-correlation, these Dickey-Fuller tests are not valid.

e In order for the tests to be valid, the serial-correlation has to be eliminated by including
enough lags of the dependent variable (Ay; 1, Ay;_o,...).

e Thecritical values for these Augmented Dickey-Fuller tests are as before.
e The problem is how to decide the number of lags used to augment the regression.

e One approach (due to Ng and Perron, 1995) is to start by adding p lags and sequentially
drop the last lag if it is not significant at 10%.

o At every step, it iswiseto check for possible serial correlation of the errors.

e How to decide on the value of p to start with is an open question but, following Schwert
(1989) it is standard to choose P = [12 (755) 0'25} .

e Alternatively, an information criterion can be used (Akaike, 1974, Schwarz, 1978 or
Hannan and Quinn, 1979).
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e There are many other flavours of unit-root tests. Two leading examples are:

1. The Phillips-Perron (1988) test

— This test deals with the serial correlation by using and alternative variance estimator
(rather than adding lags as in the ADF).

— Critical values are the same used for the ADF test, but we have to choose the kernel and
bandwidth for the variance estimator, and the test performs poorly in finite samples.

2. The ADF-GLS of Elliott, Rothenberg and Stock (1996)

— The idea of thistest isto estimate the coefficients on the deterministic regressors before
doing the test, using akind of GL S regression.

— Then the test is performed like an ADF test on the new series obtained by subtracting
the deterministic part of the model from y;.

— If atrend isincluded, the critical values are different (but not much) form the ADF ones.
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e Rather than testing the null of non-stationarity, it is possible to test the null of stationarity
against the alternative that the series is non-stationary.

e Thisistheideabehind thetest proposed by Kwiatkowski, Phillips, Schmidt, & Shin (1992).

e The KPSSis aone-sided right-tailed test so that one rejects the null of stationarity if the
test statistic islarger than the relevant critical value.

e The denominator of the test statistic is an estimate of the long-run variance of the series,
computed from the empirical autocorrelation function.

e Like in the Phillips-Perron test, it is necessary to chose the kernel and the bandwidth used
In the estimation of this variance.

e Unfortunately, smulation results by Caner and Kilian (2001) suggest that the KPSS test
preforms very poorly in finite samples.
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e Unit root tests can be extended to a panel data context.
e Perhaps the easiest way to do that isto use the Fisher test due to Maddala and Wu (1999).
e To perform the test, compute the appropriate statistic (e.g., ADF) for each unit in the pand.
e Under the null, the p-value 7 of atest followsauniform (0, 1) distribution.

2

e Hence, by inverting the cdf of the x{,), we have that —21In () ~ x{,).

e Consequently, if we perform n independent tests:

A= —2 Zln () ~ X%2n)‘
i=1

e This statistic can be used to test the null that all the series have a unit root against the
dternative that at least one of them is stationary.

e The advantage of the test isthat it is quite flexible, for example we can mix DF with ADF
tests and the panel does not have to be balanced.

e Thedisadvantageisthat if the tests are not independent, critical values have to be computed
by simulation.
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3) Cointegration

e Theavailable evidence pointstowardsthe existence of many non-stationary macro-economic
variables.

e Aswe have seen, estimating regressions with 7(1) variablesis likely to lead to erroneous
conclusions.

e A possible solution is to work with differenced series (this was the practice adopted by
most people after the Granger and Newbold paper).

e However, modds in differences are mute about the relation between the levels of the
variablesin a steady state.

e Moreover, economic theory suggests that there are stable relations between the levels of
some of these variables.

e Thisispossibleif some linear combination of non-stationary variable is stationary.

e That is, athough the series have random trends, they drift “together”.
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e Consider two time series y;; and 15, which are both 1(d):

— In general, any linear combination of y;; and 35, will also be I(d).

— However, if there exists avector v = (1, —3)’, such that the linear combination

2 = Y1t — Byar ~ [(d— b),

then, 11; and v, are said to be cointegrated of order (d, b), denoted

Yt = [ym th], ~ C[(d, b>,

with ~ being the cointegrating vector.
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e Several points are worth noticing:

(a) Cointegration refersto alinear combination of nonstationary variables,
(b) The cointegrating vector isnot uniquely defined;

(c) Both variables must be integrated of the same order to be candidates to form a
cointegrating relationship.

(d) When the number of variablesislarger than two it is possible to have cointegration
between variables with different orders of integration.

(e) Like most of the literature, we will focus on the C'I(1, 1) case, since few economic
variables prove to be integrated of higher order.

() If y1; and yo; are C'I(1, 1), they must share (up to a scalar) the same stochastic trend,
called acommon trend.

(g) Cointegration reflects along-run relation between the levels of the variables.



e Consider now avector i, = [y, . .., ya] ~ CI(1,1) and thelong run relation

Y1t — Y;’@ + CIZ;(S + Et
where [yis, ..., yae] = [y, YY) & is the stationary and weakly dependent equilibrium
error and x may contain a constant, trends, dummies and / (0) exogenous variables.
e The OLS estimator of # and 0 has non-standard properties due to the non-stationarity.

e Under cointegration, the OL S estimator of 6 issuper-consistent, i.e., itsvarianceis O (1/T2)
rather than O (1/T).

e This holds even in the presence of endogeneity.
e Inasystem of M variables, there can beup to M — 1 independent cointegrating vectors.
e The number of independent cointegrating vectorsis the cointegration rank.

e When there is more than one cointegrating vector, estimation of the long-run relation
identifies the cointegrated vector whose residuals are uncorrelated with any other 7(0)
linear combination of vy, . ..., Y.
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e If thevariablesin y; are cointegrated, <; is stationary.

e This suggests that the null of no cointegration can be tested by checking the stationarity of
e, using DF tests.

e Because ¢, isnot observed, thetest isbased on &; and the critical values have to be modified.

e Thetest equationis:

Aét = (p — 1) ét—l + Uy

Critical valuesfor the Engle-Granger test (5%)

M 2 3 4 5! §
Without trend | —3.34 | —3.74 | —4.10 | —4.42 | —4.71
Withtrend | —3.78 | —4.12| —4.43| —4.72 | —4.98

e Asusual, the test equation can be “augmented” to account for serial correlation.

e Thetest isnot invariant to the choice of dependent variable in the long-run regression.
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e The long-run equation identifies a cointegrating vector, but, because the series are 1(1),
standard inferenceisinvalid.

e Salkkonen (1991) showed that valid inference about the long-run parameters can be
performed using standard tools in the following dynamic model (DOLYS):

p
Yy =Y, 0 + 2,0 + Z AY,

J=—D

]5j —'_ et

where p is allowed to increase with 7" at an appropriate rete.
e In practice, the choice of p isasin the ADF tests.

e The leads and lags my be enough to ensure that the errors are serially uncorrelated; if that
IS not the case, robust estimators of the covariance matrix can be used.

e Cointegration aso has implications for the short-run dynamics of the series.
e If the series are cointegrated, the equilibrium error €; contains information about Ay;;.

e Modelsincorporating thiserror correction mechanism (ECM) were introduced by Sargan
and popularized by Davidson, Hendry, Srba and Yeo (1978).
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e The ECM can be incorporated in the model in different ways.

e For example, one can estimate models of the form
Ayy = a+ pAyy1 + AY o+ AY! [0+ Ne1 + 1,
Ay = a+ pAy1 + AY o+ AY! (o + A (ylt—l Y/ 0 - x;_lg) + 1,

e Standard inference is valid because of the super-consistency of the first step.

e Alternatively, we may use the model
Ayrr = a+ pAyr—1 + AY o + AY,_ 16+ Myr—1 + Y 1 Aa + a1 A+ 1y

e Although this is an unbalanced regression, inference on individual parameters is valid
because the model can be written in such way that all parameters are associated with 7(0)
regressors (Sims, Stock and Watson, 1990).

e However, F'-tests and tests involving more that one parameter are not valid.
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4) Deter mining cointegrating rank
e How to determine the cointegration rank and identify the different cointegrating vectors?

e To answer this question, we need to look at a VAR model of the form (Johansen, 1988)

p+1

Yy = Bxy + Z Dy + &4
i=1

e Thismodel can be rewritten in the vector error correction model (VECM) form

p
Ay = By + Ty, + Z LiAye—; + &
i=1

withl') = —®,, I =1y — @i fore =1,...,p — 1, and Il isthe M x M impact
matrix

1— Zp: o, — 1.

e The Granger representation theorem impliesthat if the series are cointegrated, then they
form aVECM.
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e Under the usual assumptions, only the term I1y; _; may not be 1(0).
e However, for the equation to hold, ITy; 1 must be 7(0).

e Different cases are possible:

(@) If II = 0 thereisno cointegration;

(b) If II has full rank, there are M stationary linear combinations of the series and that is
only possibleif they areall 7(0).

(c) If therank of ITis0 < r < M, and IT y;_1is I(0), there are r cointegrating vectors.
e To seewhy, write Il = an/, wheren and « are M x r matrices (with rank 7).
e Hence, the r columns of n are the r (independent) cointegrating vectors.
e o Istheloading matrix which gives the coefficients of each ECM in each equation.

e Then, an'y,_; can only be stationary if the » columns of 'y, ; are I(0).
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e LRtestsfor Hy : r = ryvs. Hy : r = rgwithry < ro < M can be performed by
comparing modelsimposing II = an’ for different values of r.

e Thisisthetracetest and it has a non-standard distribution (but appropriate critical values
are available).

e Thedistribution dependson r,—1y, on the composition of x; and on the possible restrictions
on B.

e An important advantage of thistest isthat it does not depend on the chosen normalization
of the cointegrating vector.

5) Estimation

e Estimating the system imposing II = «n’ yields (super-consistent) estimates of the
cointegrating vectors.

e However, because o’ = a©O~ 1y, additional restrictions are needed to identify 7.

e These restrictions have to be imposed on a case-by-case basis and can lead to non-linear
models.

e Estimation can be performed by (quasi-) maximum likelihood under normality.
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University week: 6
Maximum Likeihood Estimation

1. Likelihood function and the ML principle;
2. Properties of ML estimators;

3. Notes on the maximization of In L (0);

4. Robust covariance matrix estimation;

5. Hypothesis testing.

Reading. Greene: 14.1-14.6, 14.8, E3.
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1) Likelihood function and the ML principle
e Let f(y; 0) denote the probability density function of the random variable y, given 6.

e Thejoint density of n iid observationsof y is

1=1

e If y is a discrete random variable, f(y1,...,y,|0) gives the probability of observing a
particular sample, given 6.

e Let usnow take f(y;; ¢) asafunction of 6 given y and write

L0l yn) =[] F0:6).
1=1

e Thisisthelikeihood function, which gives the likelihood that the population parameter is
6, given the observed sample.

e Note: L(0|y1, ..., y,) isoften abbreviated to L (0).
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e The Maximum Likelihood (ML) principle suggests that estimators of the unknown
parameters are obtained by maximizing L () with respect to 6.

AN

0 = arg %lea(’;(L (0).

e It isoften convenient to work with the natural logarithm of the likelihood function In L (0).
For example, intheiid case:

InLOy1,...,yn) = Zln S (yil0);
i=1

f = L — 1 L
0 arg max () arg max In (0)

e Let 6, denote the true parameter value. In the context of ML estimation, 6, is identified
(estimable) if, for any other parameter vector 0* # 6, there exists some set of outcomes
with positive probability under 6, for which L(6%) # L (6,).

e More generally, identification depends on the model, on the data and on the parameter.
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e Inthe so-called regular problems, f can be obtained by solving the likelihood equation

dln L (0)

=0
00 |,

e Occasionally the ML estimator is not unique.
e Also, In L (f) may have only one globa maximum, but multiple local maxima.

e The main regularity conditions (now assumed to hold) are as follows:

(@) The first three derivatives of In f(y|0) with respect to 6 are continuous and finite for
amost all y and for all 6,

(b) For all values of ¢, |0°In L (#) /80;00,,00,| is limited by a function that has finite
expectation;

(c) The domain of y does not depend on 6;
(d) 6 isan interior point to the convex parameter space O.
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e In order to proceed, it isinteresting to look at some important results (Bartlett identities).

e Define the score vector g (#) and the Hessian matrix H (0) as

n

0InL(6 81nf yZ 6) 82 InL(60
g(0) = ILO) _ 5~ O w10 =30 1) =

00 aeae’

e Noticethat [ f(y|f)dy = 1 and therefore [ 2L gy — .

e Noting that amh ah /h alnh (a) — ag_(;)

JLICL R

Plnf(ylf)
Z 9000’ E;H

e Hence, for correctly specified models, E {aln é‘éylﬁ)} = Eo [¢g;] = 0and Eg [¢ (6)] = 0.

96



Ohla)

o Taking derivatives again and recalling that 222" p, () = 2@)

0”In f(y|0) Oln f(y|0)0f(ylo)] ,
/ [ Il yyp) 4 2S00 ]dy—o

/[021nf<y\9>f(y|9)+01nf(y|9)0lnf(yl9)

9000 90 e (W)] dy =0

e Hence,

/lﬁlné"éy\ﬁ)6’1néf@(/y\9)f<y|9)] ay — _/ [62?91;(5\9)ﬂy|9>] "

and we have that, for correctly specified models,

B, lalnf(yw)@lnf(y\@) 0°In f(y|0)

000"

Y 69/ ] — Varo [92] — EO [_

] — Fy [~ Hj



e Varg |g;] = Eqg|g:g;| defines Fisher’sinformation matrix, denoted Z (6).

e Hence, the result

Varg [¢:] = Eo[gi9)] = Eo [ H|]

Is called the infor mation matrix identity.

e Obvioudly, it impliesthat, for correctly specified models,
1 [Z gig;j] = Eo[—H (0)] = nZ (0)
1=1

which is aresult that will be used below.
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2) Propertiesof MLE

e Under the assumed regularity conditions the MLE possesses the following properties:
(a) Consistency: pIim@ = 0y,
(b) Asymptotic normality: 6 ~ N (0o, [RZ(00)]1);

(c) Asymptotic efficiency: if 0 is a regular consistent asymptotically normal estimator
such that 6 N N(eo, Q()), then Q() > [nI(HO)]_l;

x 1.e., under these RC, the MLE asymptotically achievesthe Cramer-Rao lower bound,;

(d) Invariance: If ¢ () isacontinuous and continuoudly differentiable one-to-one function,
the MLE of v, = ¢(6y) isc (9)
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e It isinteresting to sketch the proof of the asymptotic normality.
e Under the assumed regularity conditions, we have g (9) = 0.

e Expanding thisresult in alst order Taylor series around 6, we have

AN

9 (0) = 9(00) + H (9) (60— 60) =0
where § = wf + (1 —w)6fyfor 0 < w < 1 (mean-value theorem). Then,
(0= 00) = [~H (6)] " 9(00)

(i)

—H (0)] " [v/ng(0u)]

e Notice that, because plim (9 — Ho) = 0, we have that plim (6 — 6,) = 0 and therefore

Jn (é _ 90) L = H (60)] 7 [Vng(60)]
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e We now divide H (6,) and g(6) by n to obtain

Vn (9 — 90) S [—H (89)] " [Vng(6o)] .

e Because g(6) isthe mean of n zero-mean random variables, we can apply an appropriate
Centra Limit Theorem to obtain

Vi (0—00) 5 N (0,471 BA™Y)

A = lim Eg [-H (0)] B = lim n[Eq(g(6o)) (9(6h))

n—aoo n—aoo

e Noticethat (g(o)) (g(00)") = 5 (31, 9(60)i) (-, 9(6o):)" and because the expectation

of the cross-productsis zero under independence

| 1 —
B = 7}520 Eo [5 21 9(6’0%9(90);] :
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e Hence, for correctly specified models, B = lim,, .« Eg |[—H ()] = A = Z(6,) and
\/ﬁ (é — (90) i N (O,A_l) ;
0~ N (6o, [nZ(00)] ).

e There are three commonly used estimators of [nZ ()] "

(@) Expected Information: If the form of the expected values of the second derivatives of
the log-likelihood function is known, then we can evaluate [nZ(6,)] " at 6.

(b) Observed Information: Simply use {—H (9)} _1.

(c) Outer Product of the Gradient (OPG or BHHI—{): Because of the information matrix
A AN
identity, we can also use [Z?_l i (6’) g (9) ]

e None of these estimators is dominant, but the OPG is notorious for its poor finite sample
performance.
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e The previous results are easy to extend to accommodate the presence of covariates.
e Supposethejoint distribution of y and x dependson «, giving f(y, z|a) = f(y|x, a)g(x|a).

e Next, suppose that o can be divided into # and d, so that (exogeneity of x) f(y, x|a) =
S (il @i, 0)g(:]0).

e For aniid sample {(y;, z;) }"_, then

In L(0,6|y;, x;) = Zlnf Vi, Til) = Zln f(yilz, 0) + Zlng(xiw).
i=1 i=1

e 0 can then be obtained by maximizing just > 0 In f(y;|z;, 0) with respect to 6. Therefore,
frequently we will work directly with the conditional 1og-likelihood

In L(O\y;, x;) = Zlnf yi|zi, 0)

and this (under appropriate regularity conditions) will behave to a large extent like a
standard log-likelihood.

e However, now Eo[—H (0)] = > | Eo[—H;] = > 1 Z; (0) # nZ (), and so on.

103



3) Notes on the maximization of In L (6)

e The objective function In L (#) can be maximized using the Gauss-Newton algorithm:

g(0) =0=g(0") +H (0" (0-0")

e The step depends on gradient (direction) and on the Hessian (curvature).

e Except whenIn L (0) is quadratic, this procedure has to be iterated.
e Convergence is achieved when g (6')' [H (6")] g (6') is small enough.

e In practice it is generally important to adjust the step-size to ensure that the objective
function increases at each iteration. That is, for A\; > 0, we use

0~6" -\ [H (6]  g(0").
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e For regionswhereIn L (6) isnot concave, one can reverse the sign of the Hessian, but there
IS no particular justification to use a Hessian based step.

e Other algorithms are obtained by replacing H (61) with other matrices:
O =70, Z; (%) (Fisher's scoring algorithm): Thisis rarely used;
O =30 19 (0Y) g (91)’ (BHHH): Easy to compute but rather slow to converge;
& —1, (steepest ascent): Even easier and slower.

> An arc Hessian can be used in non-quadratic problems, as in the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) algorithm: this tends to work well.

e In many problems multiple maxima are possible. In these cases we should either try many
(random) starting values or use other algorithms, like generalized simulated annealing.
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4) Robust covariance matrix estimation

e If the likelihood function is misspecified, the MLE is generally inconsistent for the
parameters of interest.

e However, under very general conditions, plimé = 6*, where the pseudo-true value 6*
minimizes the Kullback-Leibler index defined by

Eo [In fo —In f(0)].
e That is, the MLE leads to the best approximation, in the Kullback-Leibler sense, to f,
the true density.

e However, because the IM identity does not hold, the asymptotic covariance matrix is given
by the so-called sandwich estimator:

AT'BA™Y, A= lim Ey[—H (6y)] and B = lim [n_lEO (Z? 19(60)ig(90);)}.

n—aoo n—oo 1=

e Notice that in some special cases (when the score only depends on correctly specified low
order moments of y) the MLE is robust to some forms of misspecification (i.e., it is still
consistent).
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5) Hypothesis Testing

e Suppose now that we want to test the null hypothesis Hy : ¢ (#) = 0 against Ha : ¢ (0) # 0,
where ¢ (f) isam x 1 vector.

e There are three likelihood-based procedures for testing: likelihood ratio (LR), Wald (W)
and score or Lagrange multiplier (LM).

In L(6), c(8), 9(0)
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e The main result to be used is that if = ~ N (i, %), then (z — p)' 71 (z — 1) ~ x¢)
e Wald test: Expand /nc (9) around 6, to obtain
Vine (0) = v/ne(0o) + V€ (8) (0 - 0,
— Therefore, under the null

e (9) LN, (o, C'(8) Vary (\/ﬁ (é —~ 90)) 0(90)’)

W= ¢ (e) C(b)Var, (8) C(6Y REOERE

— Notice that all that is needed for the validity of the test is a consistent estimate of
Val"o (9) .

— Thetest is not invariant to reparameterizations of ¢ ().
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e Likelihood Ratio: Let 05 be

Or = InL(6).
R e )

— Now, expand In L(f) around 6 to obtain
0 L0g) = WL (8) + (6 0r) g (8) +5 (6 02) 7 () (0 bs)
) [mL (9) _ lnL(@R)} — (é _ éR)/ {—H (9)} (é ~ éR)
— Itis possible to show that, under the null,

LR=2 [lnL (@) —In L(@R)] ~ X%m)’

— Notice that the observed information is implicitly used as an estimate of the information
matrix.
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e Lagrange multiplier (score): It isalso possible to show that, under the null,

—1 A
LM — Oln L QR ZZ_ 811’113((93) a X%m)
00 00r

where S 7,(0) isan estimator of the information matrix based on the restricted MLE.

— Note that we can use any of avariety of information matrix estimators.

— The notorious OPG version of the test can be computed as n times the 22 of an auxiliary
regression.

— This is the only test whose distribution is the same, whether or not the null is on the
boundary of the parameter space.

e Although the 3 tests are asymptotically equivalent, their finite sample performance can be
very distinct.

e Under the alternative, all tests have non-central X%m) distributions.
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e These tests are asymptotically equivalent under the null and are only asymptotically valid.

e However, different inferences can be drawn from testing the same hypothesis with the
different procedures.

e Which test should be used, and when?
e The Wald test is not invariant to reparameterizations.

e Ontheother hand, it is easy to modify (by using the sandwich covariance matrix) so that it
Isvalid even if some assumptions of the model do not hold.

e The LM test can be modified in asimilar way, but this is more cumbersome.

e The LM test is often interesting when we want to check for departures from the maintained
assumptions as we do not have to fully specify the alternative.

e The LR test tends to have good finite sample behaviour but is dependent on the distribu-
tional assumptions.
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University week: 7
Generalized Method of Moments (GM M)

1. Method of moments estimation;

2. GMM; Optimal GMM;

3. Hypothesis testing;

4. Testing overidentifying restrictions.

Reading. Greene: 13.1, 13.2, 13.4-13.7.
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1) Method of moments estimation

e The method of moments provides an alternative to ML estimation.

e The method of moments estimators are often less efficient than ML, but require less
demanding assumptions.

e Supposewe wishto estimatea (k x 1) parameter vector 6y = (6o1, - . ., Oor)" using {y; }7_4,
an iid sample of observations on a scalar random variable y with pdf f(y;0,), whose
moments exist up to order 2k.

e Recall that the 7-th uncentered popul ation moment of y is defined by

p; = Ely| Z/_ v’ f(y; 0)dy.

©.9)

and suppose that 11; = h;(6), where h;(-) is aknown function.

no.J

e With aniid sample, we can estimate u; by ji; =n~' > y/ forj =1,...,2k.
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o Let = (py,...,u) andp=(f1q,..., 0. By theweak law of large numbers

L = p
and by the central limit theorem:

V(i — i) 5 N(0,9),

wherethe element (s,¢) of Q iSwy = L1y — Lglly-

o With h(0) = (h(6),.. .., hi(9)), the method of moments estimator 6 of 6, is defined by
the following set of k& equationsin k& unknowns:

h0) = f.

o If h(-) isinvertiblethen @ = A1 (). Furthermore, if 2 ~1(-) is continuous at 1 then:
— by the Slutsky theorem, 6 -2 ;
_ by the delta method, /7 (9 _ 90) 4N (o, H:l0 (Ho—l)’), where Hy = 9h(6) /96’
a6 = 0,.
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e \We can estimate w,; and H by

Wst = Mgy — Hglhy

0
o0

0=0

e Hence, we can estimate the asymptotic variance of f and construct Wal d-type tests of
hypotheses about 6, using

LN (90, Y el (ﬁl)') |

e \Which moments to match?

e \Why not use more than £ sample moments to estimate 6,7
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2) GMM; Optimal GMM

e Suppose that an economic or statistical model |eads to moment conditions of the form

Eolm(y; 0)] =0,

where m(y; #) isa (L x 1) vector function of y, which hold if and only if 8 = 6.

— AnexampleisEg [g;] = 0, inregular ML estimation.

— The method of moments estimator is defined by moment conditions of the form

Boly/ — hj(00)] =0, j=1,...,k

— First order conditionsin stochastic optimization problems also lead to moment conditions
of thisform.

e For L > k, the Generalized Method of Moments (GMM) provides away of estimating 6
using only these moment conditions.
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e Let W, bea (L x L) symmetric positive definite (pd) matrix, which may depend on the
sample data, and which convergesin probability toa (L x L) symmetric pd matrix Wj,.

e Then, if {y;}", isaniid sampleof y and m,,(6) = n~' >, m(y;; 0), the GMM estimator
of 6 is defined by

0 = argmin [y (6)] W, [, (0)]

e Under fairly weak regularity conditions (including ¥(0) = Var[\/nm,(y; #)] being finite
non-singular for al 6),

0L 0,
V(0 = 00) 5 N (0, Ay BoAy)
0 XN (0,0 Ay By Ayt

with Ay = MWy My, By = MiW,SeWoMy and Xy = X(6,), My = 2220

0=0,
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e Under mild conditions, we can consistently estimate M, and X by

lﬁm(y; ) 9:9] | Zm P

00’
and hence construct consistent standard errors and Wal d-type tests.

M:M(H)—gzn:

o If L = k we can find 6 such that 7m,,(#) = 0, in which case the choice of weighting matrix
W, Is unimportant:

— 6 does not depend on 11;

— Notice that in this case M, is k x k and if the rank condition is met we have that
Ayt ByAyt = My e M

e For the over-identified case, typically thereis no solution to mn(é) = 0 and the choice of
weighting matrix 1V, isimportant.

e Because W, isonly required to be symmetric pd, we can set W,, = I;.

e However, we can gain efficiency by using a matrix that gives less weight to the noisier
moment conditions.
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e The asymptotic variance of 0 is minimised when 1, = 251.
e Inthat case, A, 'ByA;' = (M}, M)~
e Optimal GMM can be implemented in several ways.

e A popular choiceisto use atwo-step procedure (which can be iterated):

—Step |1 Set W), to be some known symmetric positive matrix function of the data
(eqg., W, = I;) and implement GMM to obtain an initial consistent estimator 6 of 6;

— Step I1: Construct &, = n™! ZZ . m(y;; §)m(y;; 8)' and then perform a second round of
GMM with IV, set equal to Z 1 to obtain an optimal GMM estimator 6 of 6.

e Thereisnow quite alot of evidence that, unfortunately, the 2-step optimal GMM performs
badly in finite samples.

e The Windmeijer (2005) correction can be used to improve inference.

e An aternative isto use the continuous updating estimator (CUE).
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e Up to now, we have only considered unconditional moment conditions of the form
Eolm(y; 0)] = 0.

e However, in many econometric models the parameters are characterized by conditional
moment conditions like
Eolu (y; 2,0)|Z] = 0.

e Even if thereis only one parameter-defining equation « (y; z, #), as we now assume to be
the case, estimation is possible because this moment condition impliesthat, for avery wide
range of vector functions g(2),

Eolg(Z)u (y; z,0)] = 0.

e These new moment conditions can be seen as the orthogonality between a“residua” and
an “instrument”.

e Becausethereisavery large set of “instruments’, thereisawide collection of unconditional
moment restrictions (in fact the collection is infinite).

e Thisleadsto the issue of selecting the instruments to use.
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e Severd results are useful here:
(8) The asymptotic efficiency of the estimator cannot be reduced by adding instruments.

x However, it is not wise to use too many instruments because there is a trade-off
between asymptotic efficiency and finite sample bias.

x Also, aswe will see, there are diminishing returnsto adding instruments.

(b) The asymptotic covariance of GMM estimators constructed using instruments bel onging
to the information set are bounded from below (GMM bound).

x This explains the diminishing returns mentioned above.

(c) The GMM bound is attained when the instruments for observation : are given by the
1-th column of
Eo [U'| 2171

where (2 denotes the n x n variance matrix of the “residuas’ « (y; z,0) and U isa
n x k matrix with typical element Ju (y;; x;,0)/ 00,

x In general, this result cannot be directly applied because (2 is unknown and the
expectation may be impossible to compute without further assumptions.

121



e S0 far we have assumed that the observations y; come from an iid sample.

e However, in dealing with time series data, it is often the case that there is serial correlation
inm(y; 0).

e Hence, inthat case, Var|m(0)| # Varim(y; 0)|/T.

e Thiswill cause problems for the properties of the GMM standard errors and the two-step
optimal GMM estimator outlined earlier.

e Under fairly weak regularity conditions, >y = Var|[\/nm(0)] can be estimated using the
kernel-based heteroskedasticity-autocorrelation consistent (HAC) variance matrix estima-
tor (Newey and West, 1987).
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3) Hypothesistesting

e Suppose that we wish to test Hy : ¢(fy) = 0, where c(0) is (I x 1) and C(0) = dc/d0' is
continuously differentiable with rank /.

e It ispossible to define optimal GMM counterparts to the LR, Wald and score tests.
e The optimal GMM counterpart to the LR test is based on the following resullt.

o Let §,(0) = m,(0)S'm,(0) denote the GMM objective function from the second stage
of optimal GMM. Provided that Ey|m(y; )] = 0 and ¢(6y) = 0 hold,

~

~ e d
n X [Gu(0r) — Gu(0)] = Xy,
where

Or = in (6
p=arg, min G(0)

e Notice that the same matrix W,, and the same “instruments’ have to be used for the
restricted and unrestricted estimation.
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e Naturaly, the Wald test statistic is given by
N\ / - A R —1 N\ /
w=nxe() |c(0) (i) o ()]

e Finally, the analog of the LM test statisticis

LM = n x [mn@ pom MR] [M5R29R1M~ }_ [MéRzeR (HR)} .

e Thisisjust aWald test for the significance of the “score” vector of the unrestricted models,
evaluated at the restricted optimal GMM estimator.
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4) Testing overidentifying restrictions
e \We can use two-step optimal GMM to perform a different type of hypothesis test.

o Let again 4,(0) = mn(e)’i—lmn(e) denote the GMM objective function from the second
stage of optimal GMM.

o If thereexistsavalue §, = plim @ of § such that E.[m(y; #)] = 0 then

~ /7 d
n X Qn<9n> — X%L—k)-

e ThisisHansen's Jtest (arobust version of Sargan’s test) for overidentifying restrictions.
e Thistest checks whether E,[m(y;; )] = 0, not whether Eq [m (y;; 0)] = 0.

e This point is often ignored and therefore the J-test is often misinterpreted as checking the
validity of the moment conditions (or the validity of the instruments).

e Notice also that the LR-type test is just an over-identification test when 6 is exactly
Identified in the unrestricted mode.

e Specification tests based on additional moment conditions may also be performed thisway.
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e Suppose that under correct specification, the model implies [ additional moment
restrictions.

e These can be used in the estimation and the Jtest can be used to check their validity.

e Alternatively, a score test approach can be used to construct these conditional moment
tests.

e Let m*(y; #) denote the extended set of moment conditions, evaluated at 6 (obtained using
only m(y; 0)).

e Then, avalid test for the additional moment conditions can be performed by comparing

= [%Zm(y ] [nzzm i 0 yzﬁ)] [%Zm*(y@-;é)]

to the appropriate critical values from the X%D distribution.

e Thisisjust the ESS (or nRR?) of aregression of 1 onm*(y;; 6).
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University week: 8
Semiparametric and Nonparametric Estimation

1. Nonparametric estimation;
2. Semiparametric estimators,
3. Quantile Regression;

4. Bootstrapping.

Reading. Greene: 7.3-7.5, 12.4, 15.2, 15.4.
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1) Nonparametric estimation

e A fully parametric model is one where the parameter values uniquely identify the
conditional probability distribution of the dependent variables.

e A nonparametric moded isonein which there are no ssimple parameters as such.

e A semiparametric model is one in which there are parameters but they do not uniquely
Identify the conditional probability distribution of the dependent variables.

e Sometimes, semiparametric models are called seminonparametric, but this term should be
reserved for the case in which a semiparametric mode involves some form of
nonparametric estimation.

e The basic building block of most semi- and nonparametric estimators is the kernel density
estimator.
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e Suppose {y; }_, areiid, where y; is arandom variable with a continuous distribution.
e A crude estimator of the density of v isthe histogram.

e The shape of the histogram depends on the bin width, on the number of bins and on the
chosen origin.

e Fixing these parameters, the density of y a y = v, given by the histogram is

1 # of observations in the same bin as

f(yo) -

n width of the bin containing

e If we define h asthe bin width and let y* denote the midpoint of the interval containing vy,
the histogram estimate is given by

; 1 « 1y —y 1
f - 301 (<2 )
=1

e This estimator is not continuous and depends on 3 “parameters’.

129



e Animprovement over the histogram is obtained as follows.
e From the definition of a probability density, we have that

 F(yo+h/2) — F (yo— h/2 1
f (yo) = lim o /)h o /)—}llr%hPr(yo h/2 <y <yo+h/2)

e Estimating thisprobability by the proportion of thesampleintheinterva (yo — h/2, yo + h/2),
|eads to the naive density estimator:

h 1 — 1 yi—y 1
_ . ) = _ < _
hz (yo yﬂ<y°+2> nh ,11( 2= h <2)

e Like the histogram, this estimator is not continuous, but it does not depend on the origin
nor on the number of bins.

e A continuous and smooth estimator can be obtained by replacing the function
K|z] = 1(—-1/2<2z<1/2) by another kernel function such that K (-) > 0 and
[ K (u)du=1.
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e Many kernels are available, but a popular choiceistouse K [z] = ¢ (2).

e In generd, for abandwidth h > 0, the kernel density estimator is given by
; 1 Zn i (Yi Yo
__ — ] .
/ (%0) nh = ( h )

e This can be generalized to d-dimensional data.

o Let {Y;}', be iid, where Y; is a d-dimensional random vector with a continuous
distribution, and let /{,(-) be amultivariate kernel function such that [, K(u)du = 1.

e Then, the kernel estimator of f(Y}) is

n

v = a3 K (S50
j=1

e Because a single smoothing parameter is used, it is convenient to pre-scale the data.
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e TO ensure consistency, among other things, we need to assume
— f(-) iscontinuous at Y = Yj;

—lim,, oo h = 0;
— lim,,_,~ nh® = 0.

e Notice the “curse of dimensionality”: the larger the value of d, the slower the rate of
asymptotic convergence in distribution.

e Under additional conditionson f(-), K,(-) and h, it is aso possible to ensure asymptotic
nor mality.

e However, convergence is slower than rate n~1/2 and the estimator is biased.

e The rate of convergence depends on K,(-) but in practice this choice is relatively
unimportant.

e The bandwidth /i determines the bias and variance of the estimator.

e AsS h decreases, so does the bias; however, the variance increases.
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e The choice of bandwidth is critical for the results.

e Too large a bandwidth, means over-smoothing and eliminates important features of the
function being estimated.

e Too small a bandwidth, means under-smoothing and the important features of the function
become obscured by noise.

e Choices usually implemented by:

— Automatic rules,
— Graphically analysing the effects of varying the bandwidth;
— Minimizing selection criterion, e.g. using cross-validation.

e Silverman’s rule-of-thumb, for the Gaussian kernel, is a popular choice

s IQRY 0.9
= 1Imin § o, 134 n1/5.
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e The kernd density estimator can be used for Kernel Regression.

e Particularly in the exploratory analysis of the data, it may be convenient not to assume a
functional form for the relation between two variables.

o Let {(y;, x;)}, beiid, wherey; and x; are random variables with continuous distributions
and suppose we want to estimate E(y|z) = m (x;).

e Consder the model
yi:m(ﬂfz>—|—€z'; 1=1,...,n

where ¢; isazero mean iid error term and m (x;) isan unknown but smooth function.

e If we were interested in estimating m (x;) a a particular value of x and if multiple
observations of y were available for that particular value of x, we could use

n n n

) D l(zj==0)y; S 1 (x; = z0) Do Lz =) €;

(o) = Yiallwj=m) 1= w) " i 2 jm L) = mo)

which, under mild assumptions, is consistent if Z;; 1(z; = x9) — 0.
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e In general, repeated observations are not available, but if m (-) is sufficiently smooth, we
can estimate m (o) using observationsin aneighbourhood of .

e A smoothing estimator of m (x) can be written as
m (xg) = th (zo — ;) y;
j=1

where the weights wy, (xy — z,) decrease with the distance between x; and x.

e Frequently, the weights are defined as

K (22)

2o K (25)

e This defines the Nadaraya-Watson estimator of m (x).

wh (g — xj) =

e Under appropriate regularity conditions, m (x) is consistent when lim,, ., » = 0, but the
convergenceis slow (not n'/?).
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e Again, the properties of the estimator depend on the choice of K (-) and h.
— The choice of K (-) isnot that important, and often K (-) = ¢ (-).

— The choice of h iscritical: If A istoo small, the estimates become too irregular; If h is
too large, the estimates approach 7.

e A popular method to choose . isto use |leave-one-out cross-validation, i.e.,

2

1
hoy = arg min Zz_l: o (x;) {yl- — Z#i wh (T — ;) Y,

where ¢ (x) isatrimming function to reduce boundary effects.
e Thiscan be generalized for the case where we condition on a vector of regressors.

e However, for the multivariate case, not only do we have to face the “Curse of
Dimensionality”, but we also lose the ability to display the results graphically.
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2) Semiparametric estimators

e Most non-ML estimators are semiparametric in the sense that they do not require the full
specification of the conditional probability distribution of the dependent variable.

e Later we will see examples of semiparametric estimators in the context of some specific
microeconometric models.

e Here, we will look at a useful semi(non)parametric estimator: The partially linear mode.

e Supposethat E(y;|z, x) = z;6 + g (z;), where g () is left unspecified, and
vi=zf+glx)+e . i=1,...,n.

e Robinson (1988) and Speckman (1988) have shown that, under certain conditions, it is
possible to obtain \/n-consistent estimators for £.
e Notice that we can write
E(yilz) = E(zi|z)8 + g ()
yi — Blyilz) = [z — E(zi]2)] B + €
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o If E(y;|x) and E(z;|x) where known, 5 could be estimated by OLS.

e However, if E(y;|x) and E(z;|x) arereplaced by kernel estimatorsthat converge sufficiently
quickly, their use will not affect the rate of convergence of the OL S estimator of 3, which,
using an obvious notation, can be estimated by (Yatchew, 2003)

3=[(z-@w) (z-52m)| (2~ F@) (v - W)

with A
N (5 _ 5) LN (0,AT'BATY).

o If theerrorsareiid,

A=l (2-EC) (2-EEW)|:  B-cta

n—oo N, ¢
e If the errors are independent but heteroskedastic, the usual “sandwich” can be used with

B = lim — [(Z—E(/Z\\x))/Q (Z—E(/Z\\az))] .

n—oo N,
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3) Quantile Regression
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e For 0 < a < 1, the a-th quantile of y given x is defined by

Qy(alz) = min{n|P(y < n|z) > af.

o Assumethat Q,(c|z) islinear, sothat  Q,(a|z;) = 25 (o),  whichisequivalent to
Yi = I;ﬁ (Oé) T U (a)@ ; Qu(@)(a‘xz) =0
e For o = 0.5 we have the median regression: med(y|z) = x5 (0.5).

e It isinteresting to notice that quantiles are equivariant to monotonic transformations so that
if T (-) isamonatonic function,

Qylalzi) =T (273 (o))

Implies
Qr-1(y)(a|z;) = i (o).
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e The estimator of 3 («) isdefined by (whichisLAD for a = 0.5)

n 1
Ba) = arg min— Z aly; — xb| + Z (1 —a)|y; — ;b
1y >xkb iy <aib

e Thisisequivalent to
. 1 <
Bl = augmin > pa (),

where p,, (a) = a (o — I (a < 0)) isthe so-called check function (v'), and to

n

A 1

_ T _ ! !
B (a) = arg min-— ; (a— 0.5+ 0.58gn (y; — x;0)) (i — ;D)

e Noticethat the F.O.C. are given by

1 n
— E (@ — 0.5+ 0.5s8gn (y; — ;b)) z; = 0
n

i=1

e So, the estimator isinvariant to perturbations of y that do not changethe sign of (; — 2/b).
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e 3 («v) isusualy estimated by linear programming methods.
e Asymptotic theory isnot standard because the objective function is not differentiable.

e It ispossible to show that, under certain regularity conditions, 3 (cv) is consistent with

A

Vi (B(0) = Ba)) % A (0.D7'AD™)
D =E [fu(a) (O‘Qj» SCZSC;] A=« (1 - O‘) 1D [ZUZCL’;]

e Noticethat A isaways easy to estimate in one of the following ways

n

~ 1 ~ 1
A=a(l —a)-— g ;% A, =— E (a — 1 (0 (), < 0))*z;2.
n

e For D, Powell (1984) suggested (other kernels can be used in place of the uniform kernel)

a 1 - ?l(oz) /
D=—-S"1(-05<X%i<05) 2
nh; ( =" S )“
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o If u (), and x; areindependent then f,,,) (0|z;) = fu(4)(0) for al = in which case and the
covariance matrix smplifiesto

a(l—a) E(xa) L.
([fu<a><0>]2>[ )

e Inthiscase, f,(,)(0) may be estimated by kernel density estimation.

e Given an estimate of the covariance matrix, standard Wald tests on quantile coefficients can
be performed.

e As usual, Wald test are easy to implement but are not invariant to reformulation of non-
linear hypotheses.

e Alternative inference procedures are available, but are more cumbersome.

e Quantile regression also allows us to test hypotheses about the characteristics of the
conditional distribution.
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e [For instance, independence between errors and regressors can be tested by checking whether
the dlopes are the same for all quantiles (Koenker and Bassett, 1982).

e A comparable test based on expectiles was proposed by Newey and Powell (1987).

e A simpler test for a closely related hypothesis can be performed as follows (Machado and
Santos Silva, 2000).

—regress p,, (u («),) on aconstant and functions of z;
— compute the test statistic asn times the 22 from the auxiliary regression;

— Compare the test statistic to the appropriate critical value from the X% 7y where J isthe
number of functions of = included in the auxiliary regression.

e For o = 0.5, thisisthe well known Glegser (1969) test for heteroskedasticity.
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4) Bootstrap

e |Nn Most cases, statistical tests have to be performed by comparing the relevant test statistic
with a critical value obtained from its asymptotic distribution.

e For finite samples, even large ones, tests performed in this way may have a size which is
very different from the nominal significance level.

e |N some important cases, the bootstrap may be used to obtain tests procedures where the
empirical and nominal significance levels are much closer that when using critical values
from the asymptotic distribution.

e Bootstrap is aresampling method that uses the original sample to generate new (bootstrap)
samples, from which quantities of interest can be computed.

e The properties of the distribution of interest can then be studied by studying the
corresponding bootstrap distribution.

e Aswe will seelater, bootstrap samples can be generated in different ways, depending on
the problem in hand.

e Bootstrap is often used to estimate the covariance matrices (although thisis not a good use
of the bootstrap!).
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e Suppose that we have estimated ﬁ and, by using one of the methods to be presented | ater,
B bootstrap samples of size n are generated. Then:

—forsample b, 1 < b < B, the parameters Bb can be estimated:;

— the covariance of 6 IS estimated by

1 < /e A\ [~ ~\/
=3 (B-58) (B-5) -
b=1
e Bootstrap is better used to perform statistical tests or to construct confidence intervals.

e The advantages of this are:

(@) It is possible to perform inference about quantities whose distribution is unknown
(even asymptotically);

(b) If the quantities involved are asymptotically pivotal, the bootstrap procedures have
Improved finite sample properties.

x A pivotal statistic is one whose distribution does not depend on unknown quantities;

x If adtatistic is exactly pivotal, exact tests can be performed by simulation.
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e When asymptotic critical values are used, the empirical size of the test with nominal
significance level awisar + O (n71).

e For asymptoticaly pivotal test statistics, when bootstrap critical values are used, the
empirical size of the test with nominal significance level avisa + O (n™?2).

e To perform a bootstrap test:
(@) A collection of bootstrap tests statistics 71, . . ., 7 is generated under the null;

(b) For one-sided tests, the bootstrap p-value is computed by comparing the original test
statistic, 7, with the ordered bootstrap statistics

(=) +1

P
B B+1

e The value of B should be chosen so that o (B + 1) isaninteger. That is, for agiven «, B
hastobeatleasta (B +1) > 1=+ — 1.
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e How to generate bootstrap samples?

e For simplicity, consider the model y; = 25 + u; and suppose we want to test an hypothesis
about .

e Let 3 denote the estimate of 3 under the null and set @; = y; — 23.

e Residual bootstrap: denoting by u; the bootstrap errors, generate the dependent variable
as

y; = 138+ uj

e Different ways of generating the bootstrap errors are available:

() Parametric residual bootstrap: if the distribution of the errors is known, bootstrap
errors can be generated from it.

(b) Semiparametric residual bootstrap: if the errors are 11D, bootstrap errors can be
obtained as draws with replacement from the vector of estimation residuals ;.
+x N.B.: A smoothed version can be used. Thisis done by jittering the residualsin ;.
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(c) Block-bootstrap (avariant of semiparametric residual bootstrap): in case the errors are
serially correlated, we draw blocks of observations of the vector of estimation residuals
to preserve the dynamic dependence (at least asymptotically).

(d) Wild-bootstrap (a variant of semiparametric residua bootstrap): in presence of
heteroskedasticity, to preserve the link between the errors and regressors, the bootstrap
error for observation 7 can be obtained as u; = f (i;) ¥, where

* f (u;) isan appropriate function of the residuals, e.g., the identity function;

+ €/ is a random variable independent of u and x, such that E (¢?) = 0 and
Var (5?) = 1;

+ apossibility isto use the Rademacher distribution for £’

—1  with probability

1 with probability 3
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e Pairs (case-resampling) bootstrap: Denoting by u; the residuals form the unrestricted
regression, resample the pairs (z;, u;) and generate the dependent variable as

yi = x] B+ u;
e Noticethat u; isnot required to be independent of x; because their link ismaintained in the
bootstrap sample.

e Inference with the pairs-bootstrap ismarginal in .

e An dternative version of the pairs-bootstrap can be obtained by resampling the (y;, x;)
pairs themselves.

e In this case, it is not possible to impose the null on the bootstrap data generating process
and therefore we have to replace the test that is performed.

e Rather than testing H, : RS = r, which isinvalid in the bootstrap data, one can test
Hj : RS = RpB (where 3 isthe unrestricted estimator of [3), which isvalid in the bootstrap
data.
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University week: 9
Discrete Choice M odeéls

1. Binary choice models, logit and probit;
2. Extensions of binary choice models;
3. Multinomial logit and probit.

Recommended reading: Greene: 15.2, 15.6, 17.1-17.4, 18.1.
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1) Binary choice models, logit and probit
e In many applications, the variate of interest is binary, i.e., takes only the values 0 and 1.

e Examplesinclude labour force participation, house ownership and passing an exam.

e \We can consider three different frameworks to interpret models for this sort of data.
(@) The (nonlinear) regression approach:
+ Noticethat E(y|x) = Pr(y = 1|z), which completely characterizes f(y|x).

x In this case, linear regression is not appropriate since it is unlikely that the margina
effect of x on y is constant.

(b) Partial observability:
x Suppose that
0y <0

yl 26 Y y 1y;|<>0

where ¢ is unobservable. In this case, up to scale, 5 can be estimated from

Pr(y; = 1|x) = Pr(u; > —z5|x) .
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(c) Random utility models

x Suppose that an individual has to choose between alternatives a and b, with utilities
U and U

x The researcher does not observe the utilities, but observes some characteristics of the
aternatives, and writes

U = 28+ u,,

U = 2,8+,

x The researcher observes the chosen alternative, say a, which isindicated by y = 1.

* Then, we know that
Pr(y;=1]z) = Pr(U" > U|z) = Pr (2,8 + u, > 238 + w|x)
= Pr(u, —w > — (2, — 23) Blz).

e Whatever the interpretation, we have to make inference about Pr (y; = 1|x).
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e Supposethat we have asample {y;, x; }"_, of n independent observations, and that for each
i the conditional probability of y; given z; hasthe form Pr (y; = 1|x;) = p(x;; 0) = p;.

e Often, the form of p(x;; #) isassumed to be known. Examples include,

— the linear probability model: p; = x.0;
—thelogit moddl: p; = A(z.0), where A(z) = €7 /(1 + €7);
— the probit moddl: p; = ®(x}0), where ®(-) isthe standard normal cdf.
e Becausethe E (y;|z;) defines Pr (y; = 1|x;), estimation is often likelihood based.

e Since, given z;, they;’sareindependent Bernoulli random variables, the likelihood function
has the form

L) = Hpii (1-— pi>(1—y¢) .
1=1
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e Hence, thelog-likelihood is

S

InL(0) = Z yilnp; + (1 —y;) In (1 — pi)].

e It is useful to obtain the score, the Hessian and the (sum of the individual) Information
Matrix, which are given by

R s e
- i”l ik ) P ] E [‘?j;]

zzn;zi s ) (Zg@ ) - En;p@(ll—m [21;1 [g]g]/

— Itisworth noting that p; (1 — p;) = Var(y;|z;), which impliesthat ML isGLS.

S
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e Logit and Probit

— It can be shown that log-likelihood function for the logit and probit models is globally
concave.

— With appropriate distributional assumptions about the error terms, the both models fit
Into the partial observability and random utility frameworks.

— The logit and probit are very similar: both A (z}3) and ¢ (x3) are symmetric and the
two functions are amost indistinguishable.

— Notice, however, that the parameters are measured in different scales.
e Here are some examples of other parametric models:
(i) pi = exp (— exp (z53))
(i) pi = 1 — exp (— exp (7;3))
(i) p; = @ (x;8)", 7>0
iV)pi=1—(1+wexpB)) ™,  w>0 (forw=1,p;=A()3)and
limy, o p; = 1 — exp (— exp (275)))
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e Generdly, in nonlinear models, parameters are not directly interpretable.
e Thisdifficulty can be overcome by computing partial effects.

e In binary choice models, partial effects are defined as:
(@) If x;; Isacontinuous regressor

o — Op; — 3 Op
pe= (9372']' - jc‘h’ﬁ'

(b) If z;; isadiscrete regressor
pe =p;(wij =1) — pi(z;=0).

e Asusua, standard errors can be computed using the delta-method. If F' (6) isacontinuous
function, then

VarF (9) ~ [ag_e(@]/var (9) [02_0(9)]
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e If p, iIsmisspecified, the ML estimator has the usual interpretation.
e However, misspecification may have severe consequences.

e Some simple specification tests are available:;
(d) A RESET-type test can be performed by checking the significance of ¢; and 0, in the

model , \
D <az7’ﬁ + 01 (:1:23) + 09 (:1:;3) )

x Thisisactualy anormality test in the probit.

(b) The model can be tested against mor e general parametric specifications, which include
additional shape parameters (see (iii) and (iv) above).

(c) Tests against non-nested alternatives can be performed by testinga = 0 or a = 1in
the model

pi = (1—a)p; + ap;

e Finally, as usual, measures of goodness-of-fit are not so useful.
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2) Extensions of binary choice models

(@) Klein and Spady’s nonparametric maximum likelihood estimator

e Recall that the log-likelihood for a binary choice model has the form

n

InL(6) => [yilnpi+ (1 —y;)In(1—p)].

i=1
e Note also that p; = E (y;|z).

e Assuming that p; depends on x only through x.3 (single index assumption), the likelihood
function can be maximized without specifying the functional form of p,.

e Thisisbecause p; can be estimated nonparametrically as afunction of theindex x!j.
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e In particular, Klein and Spady (1993) suggested that 5 can be estimated by maximizing

S Glyi g+ (1— i) In(1— ).
1=1
where p; isanon parametric estimate of E (y;|«}5) and ¢, isatrimming function to reduce
boundary effects.
e Notice that the slope parameters are identified up to scale.
e Also, theintercept is embedded in the form of p;, and therefore is not identified.

e The standard normalization is to set to 1 the coefficient of a regressor known to have a
positive slope paramete.

e Identification requires that at least one continuous regressor has non-zero coefficient.

e The KSestimator is y/n-consistent, asymptotically normal, and attains the semiparametric
efficiency bound.

e The single index assumption is, however, somewhat restrictive; for instance, it is generally
Incompatible with heteroskedasticity.
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(b) Manski’s (1975) maximum score estimator
e This method estimates the conditional median of ¢ rather than the conditional mean.
e Under conditional symmetry the mean and median coincide.

o If Qy (0.5|7;) = x}3, B can be estimated as

AN

g = arg max S, (),
B:6' =1

n

S (B) = > [yl (i > 0) + (1 — y;)(1 — I(z}3 > 0))] .

1=1

e This can be thought of as maximizing the number of observations for which thesign of x5
correctly indicates whether ¢, = 1 or y; = 0.

e S, () isastep function, leading to multiple maximaand making it hard to maximize.

e The estimator is consistent but, because y; Is discrete and the objective function is non-
differentiable, 5 has anon-normal limiting distribution with an!/3 rate of convergence.
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e 1N 1992, Horowitz proposed an aternative method, which overcomes some of the problems
with Manski’s estimator.

e Noticethat

n

Sy (B)=> Ryl (8 > 0) — I(z}3 > 0) + 1 — ]

1=1

e Therefore, the estimator can be defined as

AN

[ = arg max 2u; — 1) I(x8 >0
x> =1 1l >0

e Horowitz'sideawasto replace I(x;3 > 0) by a smooth function

7
<(5)

such that, lim, . K () = 0; lim, . K (v) = 1; lim,, .o 6,, = 0.

e Noticethat K (v) isnot akernel function as before, but an integrated kernel.
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e Thisleadsto

. n '3
f = arg max 22'—1K<7’)
g&ml;( vi— DK

e Clearly, 3 and 3 converge to the same limit, but 3 is asymptotically normal and its
convergence rate is at least n2/° and can be made arbitrarily close to n'/?, provided that
the problem is sufficiently smooth.

e The choice of 9,, is determinant for the performance of the method.
e Thechoice of K (-) isimportant, but not as much.
e The performance is only reasonable in (very) large samples.

e Both the maximum score estimator and its smooth version can be adapted to the estimation
of other quantiles.

e The advantage of the (smooth) maximum score estimator is that it does not require the
single-index assumption. However, it has the drawback of not permitting the estimation
of probabilities or marginal effects.
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(c) Choice based sampling

e IN some cases it is convenient to work with a sample in which the percentage of
observations with y; = 1 isdefined by the researcher.

e In these cases, the models have to be adapted in order to perform valid inference.
e Asusud, let Pr (y; = 1|x) = p; and definep = Pr (y; = 1) = E, [p; (x)].

e Therefore the marginal probability density function of y is given by
fly)=p"(1—p) "

e Suppose that individuals are sampled from the population in such a way that there is a
probability 7 that an individual with y; = 1 will enter the sample.

e Then, the sample can be viewed as a random draw from a population with

foly)=m% (L —m)™"
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e It ispossible to show that

pi%
(1—m)

Py =1lz) =
1—p) (1 — pi) + Pi:;

from where the parameters of p; can be estimated by maximum (conditional) likelihood.

e In the case of thelogit the result is very convenient:

xp (i) ; exp (78 +7)

e (@) s 1 e (Eh )

Py =1|z) =

e Therefore, inthe case of thelogit, only the intercept is biased under choice based sampling.
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(d) Estimation with panel data

(d.1) If we are willing to specify Pr (y;; = 1|x;;) = F (x},3), 8 can be consistently estimated
without specifying the distribution of y; = (yi1, ... yir) given x; = (x;1, ... x;0) USiNg
pooled maximum-likelihood estimation.

e Robust covariance matrix has to be used to account for correlation over time.
(d.2) Under strict-exogeneity, efficiency can be gained by using GL S (population average).

(d.3) A popular alternative is the random-effects probit model. Using the usual panel data
notation, let y;; be defined by

yir = 1 (238 + o+ ¢; + uy > 0) ¢ila; ~ N (0, 02) .
e Defining 8. = 5/+/1 + o2, the random-effects probit model is obtained by assuming also:
StriCt-eXOgenEity: Pr (yzt — 1‘372, Cz’) = Pr <y2t — 1|$it7 Cz') X9, (.T;tﬁ + o+ Ci) ,

Independence: y;; . . . y;r are independent conditional on x;, ¢;.
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e Asbefore, estimation is by (pseudo) ML and robust covariance matrix has to be used.

e To allow the unobservables to be correlated with the regressors, we may use the Mundlak-
Chamberlain formulation

cilzi ~ N (T, 07) .

e Naturally, coefficients associated to regressors that do not vary in time are not identified.

(d.4) If, conditional on ¢; and x;, the elements of v; are assumed to be independent, estimates of
3 and o (or o2) can be obtained by explicitly integrating-out the unobservables from the
likelihood function, e.g.,

T
L(y) = / [H O (2,8 +a+c)" (1—d(@,B+a+ ci))<1y“)] 1 (3) de
t=1

Oc Oc

e The estimator can be adapted to be used with different distributional assumptions.
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(d.5) Treating ¢; as parameters leads to an inconsistent estimator of 5 due to the incidental
parameters problem (except in the logit).

(d.6) Maintaining strict-exogeneity and conditional independence of the elements of y; it is
possible to alow ¢; and x; to be arbitrarily related in alogit model.

e Thisisdone by conditioning on Zle v;t, which éliminates theindividual effects from the
objective function.

e However, because ¢; is conditioned out, it is impossible to estimate probabilities and
compute marginal effects.

e Thisisavery serious limitation in practice.

e Finally, recall that this “fixed-effects’ logit estimator requires conditional independence
and depends on the logit distribution.
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3) Multinomial logit and probit

e Consder now the case of multinomial choice moddls, i.e., models with more than two
(unordered) discrete outcomes.

e Supposethat y cantakethevaluesl, ..., J, where J is some predefined fixed integer, and
z* isavector of explanatory variables. Then we model {Pr(y; = j|z;,0)}_;.

e Thelog-likelihood function for the multinomial choice model is given by
In L(6 ZZI J)InPr(y; = jlz7,0).
1=1 j=1

e The smplest specification is the multinomial logit, with

L exp(7;0) .
Pr(y; = jla},0) = = / : j=1,...,J
i1 exp(ay )

e For identification, we set :z:;j = (), for some alternative j (usually thefirst or the last).
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e The multinomial logit can be obtained from a random utility model of the form
Ug = I';]ﬁ -+ Ez'j,

wherethee;; haveindependent Type-1 extreme value distributions with common cdf given
by (up to acommon scaling factor)

f(€) = exp[— exp(—e)].

e Thismodel hasthe |ndependence of Irrelevant Alternatives (11A) property which means
that for any pair (j,1) the odds ratio

Pr(y; = jlz7,0) exp(z;5)
Pr(y; = U]z, 0) N exp(x},3)

does not depend on the characteristics or availability of any other options.

e Thisimplies that the elasticity of the probability of choosing ; with respect to changes in
the value of a characteristic of : isthe same for any j =# 1.

e Thisproperty characterizesthelogit and isaconsequence of the distributional assumptions.
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e A specification that does not impose the [1A isthe multinomial probit model defined by a
random utility model

g

where the disturbances { (¢;1, . . ., €;7)'}7_, areiid N;(0, X,).

e Location and scale normalization implies that >, has rank J — 1 and is estimated up to
scale.

e Normalizing with respect to the first alternative, only the covariance of g;‘j = €ij — Eil,
7 =2,...,J,1sestimated.

e Moreover, one of the parameters has to be fixed to impose scale normalization.
e Thatis, only J(J — 1)/2 — 1 covariance parameters can be identified.
e Without exclusion restrictions, identification is often difficult.

e Estimation requires evaluation of multivariate normal probabilities, which can be done by
simulation, but even that is expensive for moderate to large J.
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e Currently, avery popular specification for multinomial choice modelsisthe kernel, mixed

or random parameter logit, where

L exp(;;3;) |
Pr(y; = jlo}, 8;) = =————  Jj=1L...,J
2521 eXp<$il6i)

e Because 3, is not observable, the probability of interest is

T exp(7;0;)
Pr(y; = jlz;) = 2{:1 eXp(:C;Zﬁi)f (8;) dB,;

e Under standard assumptions, estimation can be performed by maximizing

S e exp(7;3:)
InLO) =) ) 1(yi=j)n f () dB,

J
=1 j=1 lel eXp(ajglﬁi)
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e Inpractice, L(f) is evauated by simulation, replacing the integral with

B exp(;;br)
Pl =Jl) Dzzumwm

where b, is arandom draw from f (3;), the assumed distribution of ..
e Py, = jlzt, B;) isan unbiased estimator of Pr(y; = j|z}, 5,).
e Notice that we do not estimate j3;, but the parameters of f (3;).
e Notice also that consistency depends on the correct specification of f (5;).

e Estimation iscomplicated by the fact that the likelihood function is not strictly concave and
therefore multiple maxima are possible.

e The choice of D depends on the nature of the problem and on how the draws are
obtained: pseudo-random or quasi-random (Halton). Inany case, it isvital to ensurethat the
parameter estimates are stable when the value of D isincreased.
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University week: 10
Ordered Data and Count Data M oddls

1. Ordered data

2. The Poisson Regression Model

3. Testing for Overdispersion

4. Heterogeneity and the Negative Binomial Regression Model
5. Hurdle and Zero-Altered Poisson Models

6. Modelsfor Panel Data

Recommended reading: Greene: 18.3, 18.4.
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1) Ordered data

e |n some problems, the variate of interest assumes more than two discrete outcomes, but
these are inherently ordered.

e An example are the results of surveys on the degree of satisfaction with some service.
e Thiskind of data can be modelled using the following latent variable framework
(1 oy <y

o 2 py <Y < o
y; = 1,0 + uy, Yi=1q 3 po <yi < g

LS g <Y
where the threshold parametersare suchthat 0 = 1y < o < -+ < ph_1.

e If the distribution of u; is specified, the unknown parameters 5 and o, . .., ;7 Ccan be
estimated by maximum likelihood.
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e Noticethat
Pr (yz = 1|37z) = Pr (5’3;5 + u; < 0) = Pr (Uz’ < —3325)

Pr(y; =2|z;) = Pr(0 < zf+u; < py) = Pr(u; < py — z58) — Pr(u; < —20)

Pr(y; = J|x;) = Pr(pu;_; — f;ﬂ <u)) =1—Pr(u; <py ;- 1’25)

e Therefore, the log-likelihood function isssmply

n J

InL(0) => Y 1(y=j)In [Pr(uw < py — 2}8) — Pr (w; < p;_y — 2B)]

1=1 j7=1
e Asin al discrete choice models, the variance of u; 1S not identified.

e The ordered-probit and ordered-logit are the most used special cases of this model.
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e For the ordered-probit

e For the ordered-logit

exp (M- - 5’725)
Pr (Uz' < Wy _3726) - 1 + exp (],LL' _75"5)
7 1

e Interpretation of the coefficients is not obvious, except within the latent variable
formulation.

e A closdaly related model can be used for grouped data.

— Inthis case, the threshold parameters are the limits of the intervals.

— The main difference is that, for J > 1, the variance of w; is identified because the
thresholds give information on the scale of ;.

— Additional flexibility (at acost) is obtained if the limits of the intervals are estimated.

e Alternatively, use sequential binary modelsfor Pr (y; = jlz;,y; > 4),5=1,...,J — 1.
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2) The Poisson Regression M oddl

e IN many relevant applications, the variate of interest is the count of the number of
occurrences of some event in agiven period of time.

e Examplesinclude: accidents, patents, takeovers, purchases, doctor visits, jobs and trips.

e These data have some very specific characteristics:

— Discreteness,
— Bounded support;

— Many zeros and along right-hand tail.

e In this context, standard linear models are not appealing because:

— The conditional expectation is necessarily non-linear and positive;
— The dataisintrinsically heteroskedastic;

— Do not alow the computation of the probability of events of interest.
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e The basic model for count data is the Poisson regression, defined by

Pr(y, = jlo) = S2LAL DN B -5y

j!

E(yi|7i) = Var(yi|x;) = M, B)
e Notice, however, that
Var(y;) = Eqy [z, B)] + Varg [A(@i, 5)] > Eq [A@i, 5)] = E(yi).

e In general, the following specification is adopted: \(z;, 5) = exp (z}53).

e Therefore,
OB (yi|x;)

6‘:@-

= Ax;0)

e ML estimation of /3 is straightforward.
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e Thelog-likelihood function, likelihood equations and the Hessian are given by

n

InL(B) = > [—exp(aiB) + (€iB) y; — In ()]

1=1

Ol L(B) zn: i — explal)] 2 = 0

A
0*°In L (B) B L LN
0Bop _;QXP(%B)%%

e Noticethat the Hessian isnegative definitefor al x and 5, which facilitates the estimation
and ensures the unigqueness of the maximum, if it exists.

e The MLE hasthe usua properties. In particular

=g o (O’ plinn (n ™ Y exp(al ) 1)

e Asusual, inference can be performed using the LR, W and LM tests, and goodness-of-fit
IS uninteresting.
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3) Testing for Overdispersion

e The Poisson model imposes (conditional) equidispersion, which isvery restrictive.

e There are many possible causes for overdispersion:

— Contagion;
— Measurement error;
— Misspecification of the conditional mean;

— Neglected heterogeneity (random parameter variation).
e Economists tend to focus on the neglected heterogeneity issue, assuming

Ai = exp(ziB +¢€)
E (exp (&) |z;) = 1, Var (exp (g;) |2;) = o
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e Inthisparticular case
B(yilr:) = Ee[exp(z;f + ;)] = exp(a;3)
Var(y;|x;) = E.lexp(z;8 + ;)] + Var. [exp(z;8 + &;)]

= exp(z}f) + o’ exp(2z}0).

e Therefore, this sort of neglected heterogeneity does not change the form of the conditional
expectation of y;, and the (pseudo) MLE is still consistent.
e The presence of overdispersion can be tested by testing H, : o = 0.

e Thiscan be doneusing thefollowing LM (IM) test statistic (Cox, 1983, and Chesher, 1984)

_— r (yz' — eXp@é@)Y —Yi

_ A A (0,1
i=1 \/2 > g exp(2773)
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L\ 2 A A
e Alternatively, we can regress [(yZ = exp(x;5>) = yZ] exp(—x.3) on exp(x;3) (or on a

constant or other functions of exp(x; [3)) and test the significance of the regressor (Cameron
& Trivedi, 1986).

e All these tests can also detect underdispersion.

e Overdispersion tests are overplayed in the literature:
(@) in practice, the null isamost always rejected,;

(b) if this is the only source of misspecification, the Poisson (pseudo) MLE is still
consi stent.

e Other specification tests are avallable, like the RESET test that checks the moment
condition

E | (y; — exp(a}8)) (2/8)"| =0

e In practice, thth&et can be performed by checking the significance of the additional
regressor (xéﬁ) .
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4) Heterogeneity and the Negative Binomial Regression M odel

e The assumption that y; has a Poisson distribution with \; = exp(x.38 + ¢;), leads to the
compound Poisson regression model

exp|— exp(x}8 + &;)] exp(zi5 + ;)
g
Pr(y — i) — / [exp[— exp(f +]<_s!z~>] DB+ (e

Pr(y; = jlzi,ei) =

/1:-

e Thismodel can be made operational in different ways.

(a) Pseudo maximum likelihood estimation;
(b) Parametric estimation for specified g(c);

(c) Semiparametric estimation of 5 and g(e;).
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e Since the Poisson (pseudo) MLE is consistent in presence of this sort of misspecification,
valid inference can be based on

\/ﬁ (BPML — 5) i N (O, phm A_lBA_l)
A=Y enBora  B=x3 (v - ewl@Bon)
N
o If g(e,) is specified, the MLE can be obtained, but the estimator may not be robust to

departures from the additional distributional assumptions.

e Assuming that exp (¢;) ~ T (7%, ¢?), Pr(y; = j|;) is given by the negative-binomial
(NegBinll) modd: |

I (j + 0_2) [1 + 0_2)\(5625)_1] -

(o 2)T(j +1) (1+02A(6))"

Pf(yi = ]\Iz) =

e The Poisson mode! is obtained as a limiting case when o* — 0, but H; : 0? = 0 cannot
be tested with a standard LR or W test.

o If E(y;|x;) iscorrectly specified, the NegBinll estimator is consistent for 3, but not for o.
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e The scoretest for H; : o> = 0 isthe overdispersion test studied before.

e Other parametric alternatives to the Poisson regression are available:

— different parameterizations of the negative-binomia model;
— generalized-Poisson regression;
— beta-binomial regression (if the support of 1 has an upper bound);

— Poisson-normal mode! (for which there is no closed form).

e Tests for nonnested hypotheses can be used to compare the chosen specification with
alternative models.

e A semiparametric alternative isto assume that € has a discrete distribution with () support
points a1, . . . , ap and corresponding probabilities 7, . .., 7, leading to

Pr(y = ) = 3 S ORI + )l otz + o)

i o

q=1
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e For agiven (), estimation of 3, ay,...,ag and my, ..., mo—1 can be performed by ML.
e Estimation by the EM algorithm is also popular.
e Thismodel can be interpreted as.

(@) Finite-mixture (compound) Poisson model;

(b) Semiparametric approximation to a compound Poisson model with unspecified mixing
distribution.

x Thisleads to aconsistent estimator if () is allowed to increase at an appropriate rate;

x In practice, the value of () has to be chosen (for example using an information
criterion);

x Inference is complicated by the fact that the number of parameters is not fixed.

x In general, inferenceis performed conditional on thevalue of ), which underestimates
the true variance of the parameters.
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5) Hurdle and Zero-Altered Poisson M odels

e In some cases, the population may be contaminated by individuals for which y; = 0.

e Let z; be adummy variable such that

i =
e Furthermore, let Pr (ZZ = 1|CIZ’Z> = D and Pr <y2 = ]|CIZ’Z, 2 = 0) = T0; (])

e Then, the log-likelihood function for this zero-inflated (Mullahy, 1986) model can be
written as

InL(0) = Z & {[p@' + (1= py) i (0" [(1 = p)) , (MI(WO)}

e Noticethat E (y;|x;) = (1 — p;) E (yi|x;, z; = 0) and that the pseudo maximum likelihood
result does not hold here, except if p; Is constant.

188



e A different extension of the basic count data model is obtained by letting the zero and
positive observations be generated by different mechanisms.

e Thisiswhat iscaled ahurdle model (Mullahy, 1986).

e In this case we have
pi (i) itj=0

Pr(y; = jlo;) =
(1 —pi(zy)) Pr(y; = jlai, B) if5>0

e Then, the likelihood function has the form
InL(v,pB)= Z{l ) (Inp; (xy)) +1 (y; > 0)In (1 — p; (7))
+1 (yz > O) In [Pr< = ]|3727 >]}

e Noticethat thisfunction is separable.

e Correlated unobserved heterogeneity can be allowed for and integrated-out numerically.
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e Usudly, Pr (y; = jlz;, B) is specified as a truncated Poisson of the form

o)) W
exp (—A;) A/ _ i
1 —exp(—X\)) !

Pr(y; = jl@i,v) = (

with \; = exp (x3).

e However, in this moddel there is no real truncation and therefore an equally valid
specification would be

, exp (— A )\g_l ,
Pl“(y2:]|x“"}/) — (g_i>' 3 J >07

e \When the truncated Poisson specification is used and p; (x;7) is specified as
pi (ziy) = exp (—exp (5527)) ,

the null of no hurdle can be tested by testing Hy : 5 = 7.

e |n any case, consistency depends on the distributional assumptions.
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6) Modelsfor Panel Data
° Deflneyz = (yﬂ, ce 7yiT) and ]z = (jz'l; e 7jiT); and let

exp (—Ait) A{;}
Jit!

Pr(yi: = Jjitlri, €i) =
Aie = exp(x;,8 + €;) = exp(x},3) .

6.1 Pooled Poisson regression based on the assumption that E(y;;|z;:) = exp(x},5) isconsistent
under mild assumptions.

e In particular, the Poisson assumption, strict-exogeneity and conditional independence
between the elements of y;, are not needed.

e However, we must assume that E(«;|z;;) isaconstant (hnormalized to 1).
e Naturaly, inference must be based on arobust (clustered) covariance estimator.

e Inclusion of time dummiesin the model is generally recommended.
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6.2 Under additional assumptions, a more efficient (random effects) estimator can be obtained.

o If strict-exogeneity of the regressors E (vyi:|z;, ;) = E (yi|zir, ;) is assumed, a GLS
estimator accounting for some overdispersion and serial-correlation can be used.

e Thisisoften called the “Population Averaged” estimator.
6.3 With even more assumptions, further efficiency gains are possible.

e For that, we require;

(a) independence of the elements of y; = (v;1, . . ., yir), conditiona on «; and x;;
(b) strict-exogeneity of the regressors E (vt |z, o) = E (yit|zit, ai);

(c) the following distributional assumptions
(i) Pr(yir = jit|zit, €;) 1S given by the Poisson model;

(i) distribution of ¢; is known and independent of x;;.
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e Inthiscase,

T

L= | [H exp (= explalB)a) (exp(ayB)a)

1 i

Jit

g (o) da

o If o; = exp (g;) is assumed to have a gamma distribution, the model has a closed form
based on the negative-binomial distribution.

e Often, it is assumed that «; has alog-normal distribution (no closed form).

e Consistency depends, of course, on the validity of the distributional assumptions.

e A Mundlak-Chamberlain formulation can be used to relax the assumption of independence
between «; and the regressors.

6.4 Asfor thelogit, thereis aconsi stent fixed-effects estimator for the Poisson model, that does
not require independence between «; and the regressors.

e Asbefore, this estimator requires strict-exogeneity.
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e By the additivity property of the Poisson distribution, we have that

Zil yir ~ Poisson (Zjl )\Z-t> .

e |t turns out that Ethl y;; ISasufficient statistic for «; and, therefore, the distribution of v,
conditiona on x;;, o; and ZtT:l y;; does not depend on ;.

e Indeed, assuming independence of the elementsof y; = (v1, . . ., yr) conditional on «; and

x;, We can write
< exp(— thl Ait)(thl )\it)Zt:1]Zt
(i din)!

B (Zthl jﬂ)' ﬁ ( )jz’t B (Zthl jz‘t>! ﬁ < eXp(a:;tﬁ) )jit
H?:l Jith 3o Zt | Ait Hthl Jit! 1 Ethl exp(z,3)

H exp(—Ai) Afgt
t=1 J |

it -

T
ﬂfit,gzyg Yit | =
t=1
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e Estimation is simple due to the MNL structure of the likelihood function.

e Noticethat the estimator is consistent even if:

(@) y;; is not Poisson.
(b) the elements of y; = (1, . .., y;7) @e not independent, conditional on o; and x;.

e Naturally, if these assumptions do not hold, inference must be based on arobust (clustered)
covariance matrix.

e As for the logit, the appeal of this estimator is limited by the fact that probabilities and
marginal effects cannot be computed.
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University week: 11
Limited Dependent Variable Models

1. Introduction;

2. Truncated data;
3. Censored data;

4. Sample selection;
5. Corner solutions.

Recommended reading: Greene: 19.1-19.3, 19.5.
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1) Introduction

e In most applications, the domain of the variate of interest islimited.

e Although in many cases those bounds are irrelevant, in microeconometric applications the
bounds on the domain of y often have to be taken into account.

e Traditionally, textbooks consider three forms of limited dependent variable models:

(a) Truncated data;
(b) Censored data;

(c) Sample selection (incidental truncation).

e All these cases treat the bounds on the support of the dependent variable as a result of a
limited observability problem.

e However, in a large number of cases, the bounds are not the result of an observability
problem but are intrinsic to the nature of the data (“corner solutions’).
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2) Truncated data

e A sample of y issaid to come from atruncated distribution when it is not possible to obtain
observations from part of the domain of y.

e For example, if y is a continuous random variable with pdf f (y) and a is a constant, we
have left-truncation at a if the sample is drawn from the conditional distribution

S (W)
Pr(y >a)

fyly >a)=

e In aregression, we have truncation if the regressors are also not observed when y < a.

<l
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e For adiscrete random variable with support on 0, 1, . . ., oo, we have left-truncation at a if
the sample is drawn from

Pr(y = j)
1 — S Pr(y=k)

Pr(y=jly >a)=

where | a | denotes the integer part of a.

e For example, we have aready seen the zero-truncated Poisson defined by

exp (—\;) )\‘g
1 —exp(=\))j!

Pﬂyzﬂy>®=<

e On-site samples of count data are sometimes mistaken for truncated samples.

e Notice that truncation is only problematic if it depends on y or on another variable that is
not independent of y and that is not used as a regressor.

e For example, in general, standard inference can be performed if the sample is obtained
from Pr (y = jlz,z > a).
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e Under certain conditions, it is possible to perform inference about the entire population
using truncated samples.

e The problem isthat this inference tends to be sensitive to distributional assumptions.

e For example, for the normal distribution with mean 1 and variance o2,

¢ (555

O'l_cb(a_lu).

o

E(yily >a) =p+

e For the case of count datawith E (y;|x;) = exp (2}53),
exp (z}5)
1 — Z;EOJ:JO Pr(y = k|x;)

e |n both cases, the expectation for the truncated data depends on the shape of the conditional
distribution.

e Because of this, estimation is often performed by maximum likelihood.
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e An exampleisthe truncated normal regression model defined by
yi = wif+ui,  ui ~N(0,0%),
(y7, ) ify; >0

(yi, i) = :
non-observable if y7 < 0

e Thisimpliesthat

¢ (—zif/o)
L =& (=zip/o)

yi = 0 + u;, E (wi|z;) =0

e The parameters of interest can be estimated from the likelihood function

L(@):ﬁl o(5°)

01— (—z}3/0)
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e A morerobust estimator isPowell’s (1986) Symmetrically Trimmed Least Squares (STLS).

e For symmetrical unimodal distributions, the mean is unchanged by symmetric truncation.

y

= N w B ol o] ~

e Therefore, for symmetrical unimodal distributions, 5 can be estimated by

n

AN

= i i — 0.5y;, 2.b})*
5 argmbm;(y max {0.5y;, z;b})

e Under mild conditions, 5 is y/n-consistent and asymptotically normal.

e For symmetrical unimodal distributions, an aternative estimator can be based on the mode.
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3) Censored data

e Censoring isalso aproblem of partial observability. For example, if y* isarandom variable
and a i1s a constant, we have left-censoring at « if we can only observe

a ify" <a
v y* ify* >a

e If y* isadiscrete random variable with support on 0, 1, . . . , oo, the probability function of
y isgiven by
( 0 if 1 <a
Priy=j)=q Pr(y*<j) ifj=a .
| Pr(y"=j)ifj>a

e If * isacontinuous random variable with pdf f (y*), y hasthe mixed distribution

0 Ifk <a

Pr(y < k) — .
rly < k) {Pr(y*<k) if k> a

e It isassumed that the regressors are fully observed, even for cases with censored y*.
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Censored distribution Censored density

e Mixed distributions also arise due to “corner solutions’.
e Often, data with mixed distributions are incorrectly treated as censored.

e The standard regression model for continuous censored data is the Tobit (normal censored
regression model).
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e The Tobit for censoring at zero is defined by
Yl = x5+ uj, uf ~ N (0,07

0 1fy; <0

Yi = :
v ifyr >0

e The model is appropriate when we are interested in making inference about ", not ;.

e ML inferenceis based on the likelihood function

n ) o 1 1(5=0) a1 1w>0)
L(9>=H[1—@($jfﬁ)] Y [éqﬁ (?Jz J%‘ﬁ)] Y |

1=1

e Reparameterizing L (A) with~ = /0 and w = 1/, the Hessian is negative definite and
estimation is easy, but the estimates may not exist (like in binary or count data models).

e Consistency dependson thedistributional assumptions (but independenceisnot required)
and appropriate specification tests are available.
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e Powell’ssymmetric trimming ideacan also be used to estimate 3 under milder assumptions.

e Inthis case, for symmetrical unimodal distributions, ﬁ can be estimated as
n —1 n
B = [Z 1 (ZC;B > O) CCZSC;] Z 1 (SC;B > O) 2; min {yi, 2:1:;3} :
1=1 1=1

e Under mild conditions, 6 Is \/n-consistent and asymptotically normal, with a covariance
matrix that can be estimated by Var (5) — A"'BA-!, with

1 (o <y < 2:1;;3) :1::1:’] . B

1=1

n

Z 1 (x;B > O) :Uizcng] :

1=1

A:
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e Also under symmetry, an alternative consistent estimator is available.

e Under symmetry, the median and the mean coincide and therefore median regression
Identifies the conditional mean.

e Moreover, if the median of y* is positive, it coincides with the median of y.

e If the median of y* is negative, the median of y isO.

Density censored below the median Density censored above the median
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e Therefore,

Q. (0.5],) = maxc{0, 2/3}.

e Even if the distribution is not symmetric, this estimator has an interesting interpretation.
e The censored |least absolute deviations (CLAD) is also due to Powell (1984).

e Likethe STLS, the CLAD isrobust to non-normality and to heteroskedasticity.

e Severa algorithmsto estimate 5 are available.

e In general, estimation can be performed as a sequence of uncensored linear median
regressions in selected subsamples.

e Asusual, estimation of the covariance matrix requires kernel density estimation.

e Naturaly, other quantiles can be estimated using the same idea.
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4) Sample selection
e |n many cases, the sample available depends on individual decisions (self-selection).

e Theleading exampleisthe wage equation, which can only be estimated for individual s that
participate in the labour market.

e Suppose that we are interested in the regression

yi = ;0 + €, E (gi|x;) =0,

but y; is observable only when

2 =aly +u; > 0.

o If ¢, and wu; are not independent, OLS estimation of (5 is inconsistent because
E (eilzi,u; > —ay) # 0.

e Heckman (1976) popularized an estimator of 5 which is consistent under the assumption
U; 0 1 po
HR(URF)]
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e Under thisassumption, (3, v, p and o can be estimated by maximum likelihood.

e Alternatively, Heckman (1976) used a two-step estimator (Heckit) based on the result

E (ei|zi, u; > —x7y) = po

e Therefore, inthefirst step, «}y can be estimated by a probit.

e In the second step, 3 and po are estimated in the OL S regression of y; on z; and fg((ﬂ))

e A standard ¢-test for the significance of po isavalid test for correlation between u; and ¢;.

e Incaseu,; and ; are correlated, the covariance matrix of the second step has to be corrected
to account for the estimated regressor .

e |dentification iseaser If there are exclusion restrictions.

e Semiparametric versions of this estimator have been proposed. However, these are
Impractical and are rarely used.
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5) Corner solutions

e Corner solutions data are data with mixed distributions where the mass-points do not result
from censoring or sample selection.

e In this case we are interested in modeling how the regressors affect the distribution of the
observed y, hot some latent unobservable y*.

e Asnoted before, because they aso have mixed distributions, corner solutions data are often
Incorrectly treated as censored.

e In particular, the Tobit and Heckman’'s sample-selection estimator are often used to model
corner solutions data.
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e \WWhen the Tobit is used to model uncensored data with mixed distributions, that is
eguivalent to assuming the following functional form

E (yi|) :x;/scp( ’5) (b( ’5)

e Notice that, in this case, the marginal effect is given by M = B8P (%)

212



e The Heckit estimator is also often used to model corner solutions.

e Thisisequivalent to assuming the following functional form

E (yi|zi) = 280 (x}y) + poo (z77y)

which is a generalization of the Tobit specification.

e |n practice, the dependent variable of the second step is often In (y;) and in that case

0.2

B () = exp (13 + 5

) ® (z;y + po).

e These estimators impose specific functional forms that may be inadequate or undesirable.

e An aternative to this approach is to directly specify the form of E (y;|x;) and estimate the
parameters of interest using a robust estimator.
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e For example, if y isafractional variate with domain [0, 1], with possible mass-points at 0
or 1, we can specify

exp (z,5)

E (yi|z;) = 1+ exp (z8)

e If y IS a non-negative variate, with a possible mass-point at 0, it is often appropriate to
specify

E (yi|zi) = exp (230) .

e Estimation can be performed by (non-linear) |east squares.
e However, it isgenerally important to (at least) partially account for heteroskedasticity.

e An attractive way of doing that is to use pseudo maximum likelihood (PML) estimators.
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e For the case of fractional data, Papke and Wooldrige (1996) have suggested the use of the
Bernoulli PML estimator based on

L () =3 [y " (1 jxsx(pxéf;)ﬁ)) Ty (1 o (x;m)] |

1=1

e [For non-negative data, Santos Silva and Tenreyro (2006) suggested the use of the Poisson
PML based on

n

InL(B) =) [—exp(x}8) +y; (¢}8) — InT (y; + 1)]

1=1
e The estimators are consistent aslong as E (y;|x;) is correctly specified.
e |n both cases, robust covariance matrices should be used for inference.

e In both cases, the estimators can be adapted to deal with panel data and endogeneity.
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